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Motivating Example: Brain-Behavior Associations

Goal: Discover relationships between brain activity and behavioral
performance during a cognitive task.

panas_positive -

masq_anhedonia -

bis_total -

10 2 0 40
score

Y € R"™%9: behavioral
performance, mood, and
reward-related scores

X € R™P: brain activations
during a gambling task

n = 153 participants; p = 229 brain regions; g = 9 behavioral scores
High-dimensional setting: n < p J
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@ Background

o Classical CCA and its limitations in high dimensions
o Review of sparse CCA methods

@ ECCAR Method

o CCA as reduced-rank regression
o Algorithmic framework

© Experiments

e Simulation studies
e Applications in genetics & neuroscience
o Application to LLM interpretability

© Theoretical guarantees

@ Discussion



Background



Canonical Correlation Analysis (CCA)

Goal: Given two datasets X € R"™P and Y € R"*9 find directions
u € RP v € R9 that maximize the correlation

max cor(Xu, Yv)
u,v

P
Xu o
n X \ .
q : > Yv
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Canonical Correlation Analysis (CCA)

Goal: Given two datasets X € R"™P and Y € R"*9 find directions
u € RP v € R9 that maximize the correlation
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Canonical Correlation Analysis (CCA)

Goal: Given two datasets X € R"™P and Y € R"*9 find directions
u € RP v € R9 that maximize the correlation

Ty
max cor(Xu, Yv) = g Exvy
u,v VuTExu\/vTZyv

Constrained form: for the 1°* pair of canincal direcitons (u1, vi)

(u1,v1) = argmax  u' xyv
u,v
s.t. uTZXu =1, VTZyv =1
After whitening:
Let ug = Z}(/zul, Vo = Zy2v1

(uo, vo) = argmax ul (Z;l/QZXyZ;l/z)v

u,v

st flul = v] =1



Canonical Correlation Analysis (CCA)

Constrained form: for the 1% pair of canincal direcitons (uz, v1)

(u1,v1) = argmax  u' Lxyv
u,v

s.t. UTZXU:L vTZyvzl

After whitening:

Let u():Z;/zul, Vo —21/2

(up, o) = argmax  u' (2;1/2 yZ_l/Q)

u,v

st full = v] =1

Computation via SVD:

@ Let up and vy be top singular vectors of X /2ZXyZ 1/2

o Map back 1y = 5320, v =5,"%v



CCA: Multiple Canonical Directions

General formulation: for the /" pair of canincal directions (u;, v;)

(uj, vi) = argmax u' T xyv

u,v
st. ul Txu= 1, viZyr =1
u'Xxui=0, v Iyy=0 Vj<i
Computation via SVD: to find all directions at once
U=Tlu|-lul. V=[ul-Iv], r=min(p.q)
@ Whiten cross-covariance and take SVD
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Py M = UV

@ Recover canonical directions
U=5""ty, V=5,""v



CCA Terminology

@ Number of components: r < min(p, q)
e Canonical directions: (uj,v;) fori=1,...,r
@ Direction matrices:
U=[u| - |u]eRP V=[w|- - |v]eR
e Canonical variates: (Xuj, Yv;) fori=1,...,r
@ Canonical correlations:

A= u,TZva,- = cor(Xu;, Yv;), i=1,...,r
can be stored as a diagonal matrix

A =diag(A1, ..., Ar)



CCA in High Dimensions

High-dimensional regime: min(p,q) > n

@ Unstable and non-reproducible canonical directions
o Overfitting: correlations on training data fail to generalize

e Empirical evidence: poor stability in practice (e.g., neuroscience
applications)

CCA can produce spurious and misleading associations when p, q > n J

Idea: Impose sparsity on canonical directions u; and v; to select only
relevant variables.



Sparse CCA Methods: Heuristic-Based

Idea: Impose sparsity on canonical directions using ¢1-penalties; get
subsequent directions via sequential deflation.

[Witten et al., 2009] Assumes Xx =/ and Xy =/

max u' Exyv st Julla <1, |vl2 <1, [ulli < to, |[v]1 < t,

[Wilms et al., 2015] Solves ALS problems
min |1 Xu = Yol + pullul + pu V]

Pros: Fast, scalable
Cons: Sensitive to initialization and diagonal covariance assumption J
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Sparse CCA Methods: Theory-Based

Idea: Respect full covariance structure and enforce sparsity by limiting the
number of non-zero rows in U and V.

[Gao et al., 2015/17; Gao & Ma 2023]
@ Bound the number of non-zero rows:
Yxy = EIxUAVTEy with UTExU=1, VTEy V=1
supp(U) < sy, supp(V) <s,
@ Estimate rank-r subspace via Fantope relaxation:

rl_pa]>__< (X,F) — p||Fll11 where F={F:0=<F =<1, tr(F) =r}
€

V)

Here F = (V

) (UT V1) isalarge (p+ q) x (p+ q) matrix.

Pros: Consistent, accurate
Cons: Computationally intensive; scales poorly for large datasets J
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Efficient Sparse CCA via
Reduced Rank Regression

(ECCAR)

o Efficient Canonical Correlation Analysis with Sparsity Z. Wu, C.
Rousseau, E. Tuzhilina, C. Donnat (2025)

@ Canonical Correlation Analysis as Reduced Rank Regression in High
Dimensions C. Donnat, E. Tuzhilina (2024)

@ package ccar3 is available on CRAN



CCA via Reduced-Rank Regression

Idea: Recast CCA as a reduced-rank regression problem.

Optimization problem: Let B = UAV T € RP*9 then the CCA problem
is equivalent to

2

1
EXBYT—/,, st. rank(B) =r

min
B

F
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ECCAR Algorithm

Input: X € R"™P_ Y c R"™4_ r

@ Regression: B = argming H%XBYT — /nH,Z:

@ Rank-r SVD: B ~ UghgVyg

@ Normalize: U = Ug(UgZXxUg)™Y?, V = Vg(Vg Xy V) /2
@ Correlations: A = diag(UT Zxy V)

Output: (U, V,A)
Solution via regression + SVD

Learns a low-rank coupling between X and Y

Avoids explicit inversion of £ x and Xy

Extendable to high-dimensional settings
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ECCAR in High Dimensions

Input: X € R™P_ Y € R™9, number of components r, penalty factor p

2
© Sparse regression: B = argming H%XBYT —In ; + p pen(B)
@ Rank-r SVD: B =~ Ug/g VE
© Normalize: U = UB(U;ZXUB)_I/z, V= VB(\/‘;ZyVB)_l/2

@ Correlations: A = diag(U' Zxy V)

Output: (U, V,A)

Computational complexity is O(p?n+ ¢g*n+ T((p A q)n* + pqn)). |
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Flexible penalty

Sparsity in U and V can be controlled via flexible penalty on B = UAV'T.

@ Sparse

pen(B) = [|Bllu =) |Bj]
i

@ Row-sparse

pen(B) = [|Bll21 = Z ZB

@ Group-sparse

pen(B) = > /No|Bs|r=> VNe | > B}

Geg Geg (iJ)EG
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Parameter Tuning

Penalty parameter p
o Cross-validation (or BIC)

° px= log(ﬁ+q)

Singular Values

Number of components r

@ Cross-validation

@ Scree plot of Z§{2BZ¥2

Components

JRVIVRT
e RS - 5y

Clear eigengap => reliable rank recovery J

Singular values of ):1/28):1/2 vs. ixy for
n = 400, p7q7600 r=>5.

Red dashed lines show true values.
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Experiments



Simulation Study

Setup:

@ Sparse canonical directions U € RP*" V € R9*" with s non-zero
rows.

@ Covariances > x, Xy with n,c, = 5 sparse principal components.
@ Signal strength A = \/

A =0.9 (high), A=0.7 (medium), A =0.5 (low)
e Cross-covariance Yxy = IxUAV Xy,

Data generation:
Tx Txy
06 Y)ia ~ Nova (0 (23, 3V )

Evaluation: subspace distance (principal angles) between true and
estimated canonical variates.
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Simulation Study

ECCAR theory
(this paper)
ECCAR CV
(this paper)
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Median subspace distance averaged over 25 independent experiments for

n=1400, p=gqgand r=2.
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Simulation St

ECCAR, theory Group-sparse ECCAR, GV _,_ Sparse CCA, BIC Fantope initialization

(this paper) = (this paper) (Waaijenborg etal) . (Gao etal)
ECCAR, CV SAR, CV Sparse CCA, CV CoLAR
(this paper) == (Wilms et al) > (Waailenborg etal) " (Gao elal)
Group-sparse ECCAR, theory Sparse CCA, CV . SCCA o SGCA
(this paper) (Witten et al) (Parkhomenko et al) (Gao and Ma)
Cross-validated methods One-fold methods
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Mean time averaged over 25 independent experiments for n = 400, p = q,
strong signal strength and support s = 5.




Simulation St

ECCAR theory - Group-sparse ECCAR, CV ___ Sparse CCA, BIC —e- Fantope initialization
(this paper) (this paper) (Waaijenborg et al) (Gao et al)
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w

N

Median Subspace Distance

X
.

Median subspace distance averaged over 25 independent experiments for
n =400, p = g = 200.




Alcohol Use Disorder (AUD) Data

Goal: Jointly analyze gene expression and DNA methylation to identify
AUD-associated patterns

Data
@ n = 46 samples (23 AUD and 23 controls)

e X: gene expression (p = 300 genes)
e Y: DNA methylation (g = 500 CpG sites)

Model & Tuning:
@ Number of components r = 2
o Regularization parameter selected via 8-fold CV (or BIC, or
permutation)

Evaluation:
o MSE ||XU — YV
@ Canonical correlations
o Classification accuracy of AUD labels (SVM on XU)



Alcohol Use Disorder (AUD) Data

2
]
) ( J
1 ° [ ] ° ~
QF' ’
0 .‘
(J hi ® ® Group
>‘<:“ 1 ° o ® AUD
L4 @ Control
_2.
[
[ )
_3.
[
-1 0 1
XU1

ECCAR (left) achieves clear separation between AUD and controls, while
sparse CCA (right) by Witten et al. shows noticeable overlap J




Alcohol Use Disorder (AUD) Data

Method Test Test Accuracy
MSE Correlation (SYM)
ECCAR, CV (this paper) 0.604 0.400 0.958
SAR, CV (Wilms and Croux [49]) 0.857 0.274 0.869
SAR, BIC (Wilms and Croux [49]) 0.905 0311 0.879
Sparse CCA, CV (Witten et al. [51]) 1.070 0.258 0.823
Sparse CCA, permuted (Witten et al. [51]) 0.731 0.483 0.933
Sparse CCA, CV (Waaijenborg and Zwinderman [48]) 1.825 -0.351 0.955
Sparse CCA, BIC (Waaijenborg and Zwinderman [48]) 1.865 -0.383 0.955
Fantope Initialization (Gao et al. [13]) 40.081 0.106 0.570
SGCA (Gao and Ma [14]) 1.617 0.193 0.736
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Alcohol Use Disorder (AUD) Data

Vq

LOCB49076 A
NDUFB94
AP451 4
MUC20 1
CLK1
LOC389362 A
INO8OC A
ZNF354A4
CD524
NDUFAF3 4
GADDA45G A
RASL11A A

€g20269537 4

cg16025444 A
cg09828575 o

€g12041459 A

Gene Expression

NAGK
LOC100129303 1
TDRD6 4
LOC100129781 1
LOC729438 +

DNA methylation

©g09914444 A

€g12558040 A

01 00 01 02

AUD-associated CpG sites: cg20269537, cg11562309
Differentially expressed genes: ZNF354A, RASL11A
Alcohol-related pathways: NDUFAF3, NDUFB9
Linked to alcohol-related disease: GADD45G
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Autism Brain Imaging Data Exchange (ABIDE)

Goal: Link brain connectivity with behavior in Autism Spectrum Disorder
(ASD)
Data:

e n = 106 subjects (65 ASD, 41 controls)

e X: functional connectivity between 110 brain regions (Harvard-Oxford
atlas, p =5,995)

@ Y: Vineland Adaptive Behavior scores (g = 14)
Grouping:
@ 110 brain regions are grouped into 8 functional networks

@ 5,995 features in X are grouped into 36 network interaction sets
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Autism Brain Imaging Data Exchange (ABIDE)

Method Test MSE

ECCAR, CV (this paper) 2.19 (1.84:2.63) 025

Group ECCAR, CV (this paper) 1.96 (1.63:2.19) croup

Row-sparse ECCAR. CV (this paper) 1.76 (1.39;2.16) 5 ® a0

SAR, CV (Wilms and Croux [50]) 3.17 (2.16; 3.43) Contel

SAR, BIC (Wilms and Croux [50]) 3.75(3.49; 3.77)

Sparse CCA, CV (Witten et al. [51]) 248 (223,292

Sparse CCA, permuted (Witten et al. [S1])  2.81 (2.22:2.97) il

SCCA, CV (Parkhomenko et al. [37]) 2.33(1.81;2.62) o
Performance on 10—fo|d CrOSS—Va“dation First tWO Canonical Variates

(row-sparse ECCAR)
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Autism Brain Imaging Data Exchange (ABIDE)

VIN

LIN

i
Network
oo
g8

| Scor

xxxxxx

Network

Direction uy for row-sparse ECCAR

Strong interaction between the dorsal attention network (DAN) and the
somatomotor network (SMN) J
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Autism Brain Imaging Data Exchange (ABIDE)

VIN

Network

nnnnnn Nework

Direction uy for group-sparse ECCAR

Limbic network (LIN) reveals strong connections with dorsal attention
network (DAN) and the frontoparietal network (FPN) J
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Autism Brain Imaging Data Exchange (ABIDE)

Adaptive Behavior Composite 4
Sum of Scores

Socialization 4

Coping Skills 4

Play and Leisure Time 4
Interpersonal Relationships 4
Daily Living Skills 4

Community Daily Living Skills 4
Domestic Daily Living Skills 4
Personal Daily Living Skills 4
Communication -

Written Language 4

Expressive Language 4
Receptive Language 4

-06 -0.3

- e -
|

0.0

Xuz

0.004

-0.254

0.4

Adaptive Behavior Composite

Adaptive Behavior Composite (ABC) exhibits the primary contribution to
canonical correlation. J




LLM Interpretability

Goal: Relate high-dimensional, opaque LLM embeddings to interpretable
word-level features

Data:

@ n texts from 20 Newsgroups (20 topics, coarsened into 7 categories)
@ X: all-mpnet-base-v2 embeddings, p = 750
e Y: TF-IDF vectors of top g words by frequency

Mean

( Pool
III.\

Sentence Transformer
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LLM interpretability

ECCAR, CV - SARCV Sparse CCA, CV
Method (this paper, parallel) (Wilms et al) (Witten et al)
etho ECCAR, CV Sparse CCA, permuted . SCCA
(this paper, not parallel) (Witten et al) (Parkhomenko et al)
Nb Words = 500 Nb Words = 1,000 Nb Words = 500 Nb Words = 1,000
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MSE (left) and compute time (right) as a function of n for sparse CCA
models with r = 4,10 and g = 500, 1000.
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LLM interpretability

XU1 (correlation = 0.89) XU3 (correlation = 0.83) XUS (correlation = 0.8)
vs XU2 (correlation = 0.85) vs XU4 (correlation = 0.81) vs XU6 (correlation = 0.79)
5.0
25 General Category
’ cars
I~ computer
§ 00 misc
© "
2 politics
0,5 religion
S science
B®
] sport
5.0 feag
25 00 25 50 25 00 25 50 25 00 25 50

Direction 1

Canonical variates (Xu;)%_, obtained by ECCAR with n = 3000 and
g = 1000.

Some direction separate text categories (e.g. direction 1 separates
computer, direction 3 separates sport and religion) J
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LLM interpretability

Loading 1 Loading 2 Loading 3 Loading 4 Loading 5
card - god hockey - scsi — israel sale
drive windows - team drive israell offer
scsi relig) game sale armenians i
sale christians Ve drives scsi - condition
windows christian baseball disk arab israel
monilor sus sea cd jews shipping
dor bible league sell drive - monitor
driver driver | | players apple Kill armenians
drives chvitianity ‘games isks armenian offer
graphics churc pill hd qu israelt
v qun card mac weapons price
pc Toi drive shipping drivers - selling
computer hips - geb turkish askin
i secure - Scsi offer ish emal
drivers police truth controller river - looking
video keys - ality fles Kiling bus
controller escrow christians version ide - ockey
offer phon - dos - clipper faith players
bus clint ristian program christians disk
people government christanty file salo - dos
israel chip — churcf mol jesus team
israeli key — jesus graphics ke - drives
religion encryption windows - window churcf ide ]
government nsa — religion clipper - dive -
jod clipper I jod windows od scsi  m—
02-0.1 00 0.1 02 02-0.1 00 0.1 02 02-0.1 00 01 02 02-0100 01 02 02-0100 01 02 02-0.1 00 01 02
Loading weight

| KN Bk
W0 -

Top 25 loadings for (v;)%_; obtained by ECCAR (n = 3000, g = 1000).
Colors show each word's most frequent LDA topic.

Topic

The loadings are dominated by few main categories (e.g. sport and religion
in loading 3, and computers in loading 4)




Theoretical guarantees



Canonical pair model

The probability space is

i.i.d.
{(Xi, Vi) "< Npiq(0,%) | £ € F(su,5v,p,q,r; M)}

. Tx T . .
e Covariance ¥ = ( o7 < ) admits decomposition
I, Ty

Yxy = ZIxUAVTTy

where U=[u1 | ... |u] eRP*, V =[vi| ... |v] €RI, and
A =diag(A1, ..., Ar), with Ay > -+ > AL

o Leading canonical directions are row-wise sparse:
|supp(U)| < sy, [supp(V)| < s.

@ Covariances are well-conditioned:

1

Jmin(zX) A Umin(ZY) > M: Umax(ZX) V Umax(zY) <M.
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Theoretical guarantees

Consider the parameter space F(su, Svy P Qs M) for the covariance
matrix ., and let A = B — B, where B is the estimate obtained in step 1
of the sparse ECCAR algorithm and B is the underlying population
quantity B = UNV'T. Assume n > cs,s, log(p + q) for some sufficiently
large constant c. There exist constants a, b, C depending on M and ¢
such that if p > a+/log(p + q)/n, then with probability at least

1 — exp(—bs, log(ep/s,)) — exp(—bs, log(eq/s,)) — (p + q)~°, we have:

|AllF < Cpy/susy.
In particular, if p is of order of \/log(p + q)/n, we have:

||A”F < sUSV Iog(p + q)
~ n ’

and B has sparse entries: ||§||o < suSy.
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Theoretical guarantees

Consider the parameter space F(sy, Sy, p, q, r; M) for the covariance
matrix £. Assume n > cs,s, log(p + q)/A\2 for some sufficiently large
constant c. There exist constants a1, as, b, C depending on M and ¢ such

that if p € a1/ EEED, 5y /16D then with probabiliy at least

1 — exp(—b(s, +log(ep/su))) — exp(—b(s, + log(eq/s,))) — (p+ q) ", we
have

NS NS 1 [sys,log(p+q)
max{ min [0~ UOI|e, min ||V - v0||F} < CA—%\/f.

o
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Comparison

to other frameworks

Feature

Our method (ECCAR)

Gao et al. (2017)

Gao & Ma (2023)

Statistical Rate
(minpeo, IU=UO|)

Computational Cost

Key Algorithmic Steps

Sample Splitting?

N \/s,,.vvlog(p+q>
AF n

O(T(lm2 + pqn))

ADMM on a penalized
regression problem (step 1)
SVD (step 2

No

o

1 \/.x“r log(p)
AF n

O(Tpgmin(p. q))
Prohibitive due to Fantope
and multi-parameter tuning

Fantope Projection (step 1)

Regression-based Rehnemem (step2)

Normalization (step 3)

Yes (3-fold)

(S + 5y ); 10"(]7+t[)
,l*

O(T(é +q)%)
Prohibitive due to Fantope
and multi-parameter tuning

Fantope Projection (step 1)
Thresholded Gradient
Descent (step 2)

No




Discussion



Discussion

Motivation: Canonical Correlation Analysis (CCA) should be
@ scalable for high-dimensional data,
@ interpretable for scientific insight,

@ sparsistent with provable guarantees.

Contribution: We introduced ECCAR, the sparse CCA estimator that
achieves all three. The package ccar3 is available from CRAN.
Impact:

@ Matches state-of-the-art statistical performance while reducing
computation.

@ Applications in genetics, neuroscience, and LLM embeddings.

@ Highlights how classical methods, when regularized, remain powerful
in modern data science.

Future Work: Extension to multi-view datasets (e.g., multi-omics).
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SAR via Alternating Lasso Regressions (Wilms et al.)

Input: data matrices X € R"*P_ Y € R"*9 (centered); sparsity
parameters Ay, A, .
Algorithm: alternate

@ Solve lasso problem

b:=arg mbin [ Xa — Yb|13 + )\, ||b|l1

Normalize b.
@ Solve lasso problem

a:=argmin||Yb— Xal3 + \J|ally
Normalize a.
Output: (a, b).
Higher-order components: deflate X, Y
(Xa)(xa)' ., (Yb)(YD)'
[RC . [I'Ybl[>
Then repeat algorithm on the deflated data.

X=X -



Fantope initialization

CCA formulation

maximizeq tr(ATZA) subjectto ATYgA=1

Here A = (\9) and ¥y = diag(Xx,Xy).

Rank-One Formulation:
11
maximizer (X, F) subjectto X5FYXjeP

o F=AA" isa p+ g x p+ q rank-r matrix;
@ P encodes set of rank r projection matrices;

@ we also need sparsity constraint for F.

Solution: Replace P with convex relaxation.
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Fantope initialization

Convex Sparse Optimization:
maximizercr (X, F) — p||Fl}1
Fantope Relaxation:
F={F:0=F=<I, tr(F)=r}

@ /1 penalty promotes sparsity in U and V.

@ F is no longer exactly rank-r, but concentrates mass on candidate
supports.

Output: Extract supports (Sx, S,) for Stage 2 refinement (CCA on
reduced data).
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TF-IDF

Convert text documents into numerical vectors for analysis.

Term Frequency (TF): Measures how often a word appears in a
document.

Inverse Document Frequency (IDF): Downweights common words
across documents.

TF-IDF(t, d) = TF(t, d) x log

N
DF(t)

t: term, d: document, N: total documents, DF(t): number of documents
containing t

Intuition: High TF-IDF = word is frequent in this document but rare
overall = important/unique feature
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