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HCP-DES

Human Connectome Project for Disordered Emotional States
aims to link the function of macroscopic human brain circuits to self-
reports of emotional well-being using magnetic resonance imaging.

Leanne Williams
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Data

Gambling task: A question mark is displayed on the screen and the
participant must guess whether a number is greater than or less than five.
If the participant identifies correctly, they win money, and if they guess
incorrectly, they lose money. At the end of the task, 5 trials are randomly
selected and summed together to determine the participant’s payment
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Data

Brain activations (90,368 greyordinates, cortical and sub-cortical):
magnetic resonance imaging obtained during a Gambling task designed to
probe the brain circuits underlying reward

3 / 27



Data

Behavioral performance measures (9 scores): self-reports assessing
various aspects of reward-related behaviors (Behavioral Approach
System/Behavioral Inhibition Scale), depression symptoms (Mood and
Anxiety Symptom Questionnaire) and positive as well as negative affective
states (Positive and Negative Affect Schedule)
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Notations

X ∈ Rn×p – brain activations Y ∈ Rn×q – behavioral scores

Dimensions:

n = 153 participants

p = 90, 368 greyordinates

q = 9 scores

Question: is there any correlation
between brain activations and
behavioral scores?
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Canonical Correlation Analysis

CCA is a classic method commonly used in statistics for finding
association between two sets of variables.

Goal: given two random vectors x = (x1, . . . , xp) and y = (y1, . . . , yq)

maximize cor(α⊤x , β⊤y) w.r.t. α ∈ Rp, β ∈ Rq
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canonical coefficients α and β

canonical variates u = α⊤x and v = β⊤y

canonical correlation cor(u, v)
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Canonical Correlation Analysis

CCA is a classic method commonly used in statistics for finding
association between two sets of variables.

Goal: given two random vectors x = (x1, . . . , xp) and y = (y1, . . . , yq)

maximize cor(α⊤x , β⊤y) w.r.t. α ∈ Rp, β ∈ Rq

Actually, it is possible to find a sequence...

For i = 1, . . . ,min(p, q) find αi ∈ Rp and βi ∈ Rq that

1 maximize cor(α⊤
i x , β

⊤
i y)

2 have independent variates ui = α⊤
i x and vi = β⊤

i y ,
i.e. ui ⊥⊥ (u1, . . . , ui−1) and vi ⊥⊥ (v1, . . . , vi−1)
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CCA solution

Correlation coefficient

cor(α⊤x , β⊤y) =
α⊤ cov(x , y)β√

α⊤ var(x)α
√
β⊤ var(y)β
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CCA solution

Correlation coefficient

cor(α⊤x , β⊤y) ≈ ρ(α, β) =
α⊤ΣXY β√

α⊤ΣXXα
√
β⊤ΣYY β

CCA optimization problem:

maximize α̃⊤Σ
− 1

2
XXΣXYΣ

− 1
2

YY β̃ w.r.t. α̃ ∈ Rp and β̃ ∈ Rq

s.t. ∥α̃∥ = 1 and ∥β̃∥ = 1

Solution: via Singular Value Decomposition of Σ
− 1

2
XXΣXYΣ

− 1
2

YY

Problem: does not work for p > n!
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Regularization

Modified correlation coefficient

ρ(α, β;λ1) =
α⊤ΣXY β√

α⊤(ΣXX + λ1I )α
√

β⊤ΣYY β

RCCA optimization problem:

maximize α⊤ΣXY β w.r.t. α ∈ Rp and β ∈ Rq

s.t. α⊤ΣXXα = 1, β⊤ΣYY β = 1 and ∥α∥ ≤ t1

Solution: via Singular Value Decomposition of (ΣXX + λ1I )
− 1

2ΣXYΣ
− 1

2
YY
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CCA package
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CCA package

CXX = p×p

CYY = q×q

CXY = p×q

Problem: CXX , CXY

are large for p ≫ n
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”Kernel trick”

Goal: find a linear transformation such that RCCA for (X ,Y ) is
equivalent to RCCA for (R,Y )

V = p×n R = XV = n×p p×n = n×n

Solution:

1
X = UDV⊤ = n×n n×n n×p

2 set R = XV = UD and solve RCCA problem for (R,Y ) =⇒
canonical coefficients αR , βR

3 apply inverse transformation αX = VαR and βX = βR
4 the variates stay the same vR = RαR = XαX = vX and uR = uX
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RCCA results

cv.train cv.validation
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max correlation = 0.11  for  λ1=0.001

RCCA

Details: adjust for sex variable, run 10-fold cross-validation to tune the
hyperparameter λ1, plot unpenalized correlation between canonical
variates
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RCCA results

Visualization: plot canonical coefficients α for the optimal RCCA model
with λ1 = 0.001

(a) Cortical coefficients (b) Subcortical coefficients
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Brain regions

Motivation: brain features come in groups (aka brain regions). How to
take into account the group structure?

(a) Cortical parcellation (210 regions) (b) Subcortical parcellation (19 regions)
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Grouped structure

Notations:

K = 229 groups

pk = # features in group k

Xk – set of features in group k

αk – set of coefficients in group k

X = ( X1︸︷︷︸
p1

, . . . , XK︸︷︷︸
pK

) and α = ( α1︸︷︷︸
p1

, . . . , αK︸︷︷︸
pK

)
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First attempt: RCCA mean

cv.train cv.validation
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RCCA mean

Details: replace X = ( X1︸︷︷︸
p1

, . . . , XK︸︷︷︸
pK

) by X̄ = (X̄1, . . . , X̄K︸ ︷︷ ︸
K

)

13 / 27



First attempt: RCCA mean

Visualization: plot canonical coefficients α for the optimal RCCA mean
model with λ1 = 0.1

(a) Cortical coefficients (b) Subcortical coefficients

Can we do better?
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Grouping constraints

X = ( X1︸︷︷︸
p1

, . . . , XK︸︷︷︸
pK

) and α = ( α1︸︷︷︸
p1

, . . . , αK︸︷︷︸
pK

)

Assumptions:

1 group homogeneity αk ≈ ᾱk

2 sparsity on a group level ᾱk ≈ 0

GRCCA optimization problem:

maximize α⊤ΣXY β w.r.t. α ∈ Rp and β ∈ Rq

s.t α⊤ΣXXα = 1, β⊤ΣYY β = 1,

K∑
k=1

∥αk − ᾱk∥2 ≤ t1 and
K∑

k=1

pk ᾱ
2
k ≤ s1
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∥αk − ᾱk∥2 ≤ t1 and
K∑

k=1

pk ᾱ
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GRCCA

GRCCA optimization problem:

maximize α⊤ΣXY β w.r.t. α ∈ Rp and β ∈ Rq

s.t α⊤ΣXXα = 1, β⊤ΣYY β = 1,

K∑
k=1

∥αk − ᾱk∥2 ≤ t1 and
K∑

k=1

pk ᾱ
2
k ≤ s1

Modified correlation coefficient

ρ(α, β;λ1, µ1) =
α⊤ΣXY β√

α⊤(ΣXX + λ1(I − C ) + µ1C )α
√
β⊤ΣYY β

C =


11⊤

p1
0 . . . 0

0 11⊤

p2
. . . 0

. . . . . . . . . . . .

0 0 . . . 11⊤

pK


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GRCCA properties

when λ1 = µ1 GRCCA is equivalent to RCCA

when λ1 → ∞ we it becomes RCCA mean
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GRCCA properties

when λ1 = µ1 GRCCA is equivalent to RCCA

when λ1 → ∞ we it becomes RCCA mean

Lemma

GRCCA for (X ,Y ) is equivalent to RCCA for (X̃ ,Y ) where

X̃ =

(
X1 − X̄1,

√
p1λ1

µ1
X̄1, . . . ,XK − X̄K ,

√
pKλ1

µ1
X̄K

)

Can use the ”kernel trick”!
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GRCCA results

cv.train cv.validation
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GRCCA

Details: λ1 controls variation within each region, µ1 controls variation
across the regions; we observe the pattern λ1

µ1
= 100.
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Significance of the CCA correlation
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Procedure: split into 11 folds; cv.validation = maximum score obtained
via 10-fold cross-validation, averaged across 11 NCV folds; test = score
computed on independent test set, averaged across 11 NCV folds.
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Using GRCCA for visualization
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Using GRCCA for visualization
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Improved interpretability of coefficients

Visualization: plot canonical coefficients α for GRCCA model with
λ1 = 1 and µ1 = 1

(a) Cortical coefficients. (b) Subcortical coefficients.
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Improved interpretability of coefficients

Visualization: plot canonical coefficients α for GRCCA model with
λ1 = 10 and µ1 = 1

(a) Cortical coefficients. (b) Subcortical coefficients.
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Improved interpretability of coefficients

Visualization: plot canonical coefficients α for GRCCA model with
optimal λ1 = 100 and µ1 = 1

(a) Cortical coefficients. (b) Subcortical coefficients.
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Improved interpretability of coefficients

(a) Cortical coefficients. (b) Subcortical coefficients.

Annotation of brain regions: [1] nucleus accumbens, [2] putamen, [3] thalamus, [4]
temporal lobe, [5] dorsolateral prefrontal cortex, [6] dorsomedial prefrontal cortex, [7]
posterior cingulate cortex, [8] precentral cortex. High positive loadings in subcortical
regions involved in reward processing, such as the striatum [1-2] and thalamus [3], and
on a cortical network encompassing the temporal lobe [4-8]. Most of these regions have
been shown to be connected to the striatum and to be part of key reward-processing.
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Appendix: general approach to regularization

Constraint: α⊤Kα ≤ t

Modified correlation coefficient:

ρ(α, β;KX ) ≈
α⊤ΣXY β√

α⊤(ΣXX + K )α
√
β⊤(ΣYY )β

Examples:

Full K = λ1I ∥α∥2 ≤ t1 α = (α1, . . . , αq)
Partial K = λ1 ( I 0

0 0 ) ∥α1∥2 ≤ t1 α = ( α1︸︷︷︸
p1

, α2︸︷︷︸
p2

)

Groups K = λ1(I − C )
∑K

k=1 ∥αk − ᾱk∥2 ≤ t1 α = ( α1︸︷︷︸
p1

, . . . , αK︸︷︷︸
pK

)

Sparse groups K = µ1C
∑K

k=1 pk ᾱ
2
k ≤ s1 α = ( α1︸︷︷︸

p1

, . . . , αK︸︷︷︸
pK

)
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Appendix: simulation

Assume equal group size pk = p
K .

Generate Y ∈ Rq and centroids X c ∈ RK

(Y ,X c) ∼ Nq+K (0,Σ) with Σ =
(

Iq 11⊤σ2
XY

11⊤σ2
XY IK

)
.

Generate blocks Xk ∈ Rpk

Xk |X c
k ∼ Npk (1X

c
k , σ

2
X I ).

Concatenate blocks X = (X1, . . . ,XK ) ∈ Rn×p.

In our experiments we use n = 10, p = 15 and q = 3, the number of
groups is K = 5. We set σX = 1 and test two settings: σXY = 0.5 for
correlated data and σXY = 0 for independent data.
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Appendix: simulation correlation

24 / 27



Appendix: simulation coefficients

RCCA (cor = 0.41) PRCCA (cor = 0.31) GRCCA sparse (cor = 0.49) GRCCA (cor = 0.47)
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Thank you for your attention!
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