
Spectral Clustering

StartWith pairwise similarities between

observations : SER"""where Six represents

Similarity between x; and xj.

The elements in S are Sij = Sji > 0.
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use S to derive weighted adjacency

matrix w with Wii = 0 and Wijso.
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· Soft threshold Wij = (Sij - 5) +
· The E-neighborhood Wij = I (Sij > E)
· Mutual K-marest neighbor graph

Wij = Sij if I isamong the most similar data

point to j and vice versa.



View data as weighted graph
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· vertices are data points.

· an edge connects landj if Wijo.
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Goal : partition the graph so that edges
-

Within clusters have large weights and edges
between clusters have small weights.



Graph Laplacian
Denote by di=Wis the degree of vertex i
and by D = (%dn ) the degree matrix.
graph Laplacian is 1 = 0-W.
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Properties of Laplacian
h

·Let f=)R then flf= Wij (fi-fi)

filf = fi(d-wif=difi-WififiI =1)difi-wififijf2 J

Wij
2

=Wijf-wifi
I=wilf-fifiwiji
· Lis PSD .

· The smallest eigenvalue is 0 with e. Vector In

1 Lin = ( -W) . 1 =()



Spectral Clustering Algorithm

Input Similarity matrix Ser-

number of clusters K.

Step1 Compute weighted adjacency matrix W

Step ComputeLaplacianors of L
U, ... UK and construct u = (x, .. uk)

&

Sep 4 Cluster News of U (using, for example,-

k-means)



⑦If graph has k connected components
Denote the components by C... C and nr = Cal .
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· L has block-diagonal structure.

later aproper permutation of columns & rows)

w =( then di=EW;
and

=(1) where Li is Laplacian for Ci .



· Multiplicity of the zero eigenvalue is K.

Since La Ino = 0 then L = (i) ( ) = 0R

Thus () () ... (2) are all evectors corres-
ponding

to zero
.

· Eigenvector f corresponding to 0 is such
that fi = f; if i, jave in the same cluster.
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f= B,() +Bc()+...+Bu=
Also fLf =1 wifi= O if fifi for Wish
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②If graph is connected loosely
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· L is not block-diagonal (but almost).

S=
· The smallest eigenvector is 1 ,

but the

other eigenvectors can provide more insights.



graph-cut point of view (assume K =2)

Given Cluster A define
Ha = number of vertices in A =/A)

vol(A) = Edi = all weight attached A= Wij
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ratio : weat (A , B) = cut(A , B) ( + i)
normalized : ncut(A , B) = cust/ , B) (vel) elis)
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# if itA
Consider f= ) With fir)- if it B
Denote this set of f rectors by F(A , B) .
Them minimizing reut(A , B) is equivalent to

minimize filf S
.
t
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· filf = n . rcut (A, B)
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· f
+
1= 0

If==-it A

· llfll2= m

IIIfl12=fi =+ A = +

Problem is NP-hard. Relaxation :
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· The new problem willsearch for the

second smallest eigenvector of L

-I f
+y= p S

thenf is the eigenvector corres-

ronding to the smallest eigenvalue of L

I f
+
1 = 0 then fis agenvector corresponding&

to the second smallest eigenvalue of L.

· The second eigenvector can be used to

cluster points into A and B for example,&

itA if fi > O itB if fi < O

· Alternatively, one can cluster fi in
two clusters. This is exactly what

Spectral clustering would do.
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Comments :

-

· For K22 the relaxation of rent could also

be built.

(see Tutorial on spectral clustering by
Kerike von Luxburg)

· Popular modification of Spectral Clustering
Normalized Laplacian L = 0 -L = I - D- 1W
Second eigenvector corresponds to the neut (A,B).


