
Gaussian mixture model (GMM
If 2>0 then the density for x-Np(M, 2) is

f(x;m ,
2) =()*pe

- * (x-M)2 (x -M)

GMM assumes that x
, ... x are drawn

i
. i

. d. from density :

K

p(x) = [Tr f(x; Mr , [0) ,
where

R = 1

k

= 1mixing coefficients Tr 30 and Ta
that is a mixture of k multivariate

Gaussian distributions.
K

Unknown parameters : (Tr
, Mr . [rYr
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generative model for GMM :
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Maximize log-likelihood :

logpx) = logf(x ,Mr , )
·If k= 1 the Solution is easy :

#1 = 1 M,= [
,

= 1 (ci -x)(x, - )Tni= 1

· In general, log... ) is the problem.



① If we know hi
,
Mr

. [aYa,
we could compute p(z = k(xi)

p(zi = R(xi) = p(zi = r) - p(x : /zi =2)
p(xi)I
-

=

= f(x:; Ma , [r)
K

Ejf(x:; Mj , Sj)

cluster 1 with p(2 = 1 loci
xi belongs to ---

-> duster k with p(2 =Klei)

We can pick zi = argmax plz: = elec :)
R= 1...

K



② If we knew 2:
them

· Tr= (2 = r) - proportion of observations&

in cleesterR

· Ma=
: = k) xi-sample mean of

(2 = k) cluster R

· En=(2 = a) (i -Mr) (x: -Mr)
-
sample Co-

I(zi = a) variance of
dustert

& Cogp(x: , 2
:) = [logp(x: (2 :) + log p(z .)]

-

-
2 [-

↑

logf(xi; M2:, 22 .) + logTzi] =

i=1

=>: = R) (logf (i;Mr,) + loga



Estimating Tk :

K N ④
logTk -Fi =r)= logma
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, log (1-

R = 2

k
St = -T=m(1-tr,
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Estimating Mr , Sr :

[12: = R) log + (xi;Mr,2) = Elogf(xi; Mm ,E
Thus Mr=:

&R= - Ma)(x-M



① GivenSite ,
Ma 2 yk compute

S RR=

p(z = k(xi) = (af(x:; Ma , [r)
Tjf(x:; Mj , Ej)

2 i = argmax P(zi = R(xi) ,
Wir = I (zi = R)

R = 1 ... k
keach ai is assigned to duster

r

② G iven 2; compute
1

· #m = m (:=) =

m
· Ma=

(2=) si

(2 = k)
-

Wir

·[2= R) (i -Mr) (x: -Mr Wir((i-Mal(xi-Mel
I(zi = a) With



EMalgorithm

Expectation (E) step : Given hi , Ma . Embr,

wir = p(z= (x)=
-(:; Ma , Sr)
Tjf(x:; Mj , Ej)

each CC; is partially assigned to cluster 1
....
K

, . - . . Wik

Maximization (M) step : Given WirM

· TR = W ik

Wiri
· Mr -

Wir

· Er -Wir(xi -Ma)(xi-Mr)
-

With



=step : which of Np(M, 5) ... Np(MK , [R)

generated each : ?

We are not sure, so we assign probabilities

x; came from N(M,.
5

.) with probability Wil
:

NCM
. [r) with probability Wit

Astep : we want to estimateM...Mr and E
, ... EK

For Mp and So each observation ; will have

weight Wir .

We we weighed sample
mean and sample variance. T #z
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EM algorithm : motivation

Denote by O the set of parameters and

by X the set of observations
.

e(X; 0)= logpx ; 0)= log(p(xi , zi =r; 0)
k

· logp(anyobservati
a

wrlog(P(2= r ; 0)
k = 1 Wa

for w.... We such that wit. . +We = 1 and Wa 0

log is concave function thusI log(ak) = logwak - ( w log(WK



· If We = p(z =R(x ; of then inequally
becomes equality

SP, 2 = r; 5)
=P = p(x,

WiR

-

log((2= R ; 0))= Wap(x;) =p(x;0)2WK
k = 1 WR

· Denote weights for observation xi by Wil ... Win

E-step : at iteration + compute
-

W(t) =p(zi =R(xi; 04 1) ↑iK

for eachWant
i= 1

n k

2 &Witlog(Pis2 = R ; 0)
i=1k = 1 W(t)iR



· Mstep : at iteration + maximize the

tower-bound for e(X; 0)
~

Wit log(22 =

i=1k = 1 L
ignore

n K (t)
(t)2 [Win[log(P(xi, zi= R: 0))

- log Wir] = Q(0)+....

i=1 R = 1

A step : maximize &(0

· e(X; H
-

1) = e(X; 0
#)

I e(x;
0(t -1) = Q(0H-) +...·= Q(0H) +... = e(x; ()j

· log-likelihood converges

to local maximum.



EM for gMM
E-step Given &Tr

,
Mr

,Err,

wir = p(z = k(x) =
-(:; Ma , Sr)
Tjf(x:; Mj , j)

2-step maximize Q10) = &
*

Wielog(p(xi , zi = R; 0) =

i=1 R= 1

= Wir /logfim,) + log

Estimating Tr :

K

Wir log i =Wir logtr Will 11-tl- (
g

U
n 1/2

Jim E : = o Tr = L :Wir
i = 1

[
Tr π&

K

=

Win/tm-Wil/11-Trim
n

as T = 1 then n= Wir



Estimating Mr :

Wir (x-Ma [m(x-Mr)
Dur => 2 Wir Eg(-Mr) = - 2 Erwir(x -Mr) = 0

M! ↓

Win = Mr · Wir Mr=i= 1


