
More on Principal 
Component Analysis
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low-rank matrix approximation

minimize1IX- Y/12 Subject to k(x) = r
* [ F
-a
, . . . Kn represent 2

,

...
n belong to an

the observed signal r-dimensional plane-

approximate by c... n E) X low rank

TSolution : X= , Y = Usr) ⑧(1) Vers =SuBr(x)6

VT - ~

"B" & "VT
"

Applications :

O1 Image compression/ dimension reduction

Insteadofstongxpman = B
*



https://medium.com/towards-data-science/low-rank-approximation-for-flags-316cb19f7aba

Example : flags
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② De-noising
X is actually low-rank

,
but we observe only "noisy"

version of X.

Input data X. Approximation X = SVDr(x)

Y
r= 1 n = 3 r = 20



③ Imputation of missing values.

Netflix competition : build a recommendation system
Data : n = 480189 customers

, p = 17770 movies

1 % of values observed
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Low-rank matrix completion

Denote &141 ... n3 x 21 ... ph the set of observed

entries in X.
NA

Example : X =(i) r = 4(1 , 2) , (2 , 1) , (3 , 2)]

The approximation error :

[(Xij - Yj)2= 11W * (X-* 11
-

(i
,j)er

Here W is a "mask" matrix withWij=
and A + B denotes the Hadamard (elemen-wiseI
product between A and B

,
i
. e . (A* B) ij = Air Bij.

OExample : w = (!
I -)=(ii



Hard-impute algorithm

minimize1lW* (x-* )IIE Subject to rank(*) = r
Y

#put : matrix XtR
*"
and rank &

,

and arbitrary * &IR**P.
1

&

Step 1 y = W+ X + (1-w) * X report until

Sep2 Y = SVDr(y) E *converges
Output : Y

Hard-impute steps :
· impute missing values in X with the elements from X
· make X low-rank.



Example x =(w==
Step1 y = w * X + (1-w) **

11-w =( S => y =) +=
#ep 2 X = SVD. (y)

1y= UDVT * =Mas Bins Virt=
Computationaltrick : if there are many missing

values and r is small
,
use y = WA(X-* ) + *
-~

sparse low-rank

I
Store only (Xij - Xij) for (ii)-
Store Only Um , Day , Vas



"Soft" low-rank problem

① minimize llX- YIIE Subject to rank(*) = r
* [

Controlling rank(x) ) Controlling number of

non-zero singular values (i. e . di > 0

Tdea : Lets control di instead-

- i=/

control the nuclear norm //*1I*

② minimize 11X-XIIE + 11/* /I*
Y ↑

penalty factor



① rank(X) = r ②... + J1X11x

Solution : X =SVDr(X) Solution : X = Sj(x)

* = IIII):.T * = IIII):.T
ud ud

·

tooX =(III) X = IIII F
- = diagd

, ...
dr
,dr ... D = diag (d,......... dp)-

↓ ↓
**= diag (d, ... dr, 0 ...... **= diag ((d, -b)+ ... (dp-j)+)ea

M p -r

Here (d- x) + = max (d-5
, 0)

L

=-



Soft-impute algorithm

minimize 1(wX(x- x) ||
2
+ J11X/*

Y F

Input : matrix XtR
*"
and penalty 1 .

and arbitrary * &IR**P.
1

&

Step 1 y = W+ X + (1-w) * X report until

Sep2 Y =
,Sx(y) E *converges

-

Output : X

ParameterX balances off the approximation

error and the "rank" of X
1

I 6 + 0 = X = X and x* => rank(*)d



Cinematch : in-house Netflix algorithm


