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Dimension reduction

Assumption : The data lies along a

low-dimensional manifold.

Example : data in 20
,
but actually lie on a curve

M

&ii.
:



Principal component analysis (PCA)
Data ties on an

n20 ·
M

38

⑧

i-dimensional affine subspace · · I ⑳

⑨

( "peace"

⑧

>· >-
Reduce the dimensionality while preserving

important information.

How about removing one of the columns ?

A

X =( ) ·



1st View of PCA : maximum variance

Suppose we are given x, ...
ne RRP points

data matrix X=[S

We assume that X is column-centered
,
thus,

N

[xi= XX. 1= =
= 0

U

X + X = CX = (I - X
,
then

I E = (x)
+* = XT . (F-) - 7 = x (h - ()) = 0

The covariance matrix is

S= x



PCA : the first principal component (PC)
D② I roject the data on a line and

maximize the variance of the projected points.

maximize
·I · -
:

⑧

u-x4-> 24 2321 2522
i%⑨ Chy

15

The line is defined by VERR" ,
1/V1 = 1

The projection on the line is
- T
X

;
= (xv) . u

.

=Liv

IPr = vuT then i = Preci = v . (VTei)



Note that I= = 0

1 (vii) = vT() = 0

Let's compute the variance of z = () =X.

I var(2)= 12 =vT(ix)v = visv

The goal is to solve

maxim ize VTSU subject to 11VI = 1
VE IRP

we will use Lagrange multipliers.



Detour : method of Lagrange multipliers

Consider xtIRP and two functions
f : RP-I and g : IRP- IR

We want to

maximize f(x) subject to g(x) = 0

⑦ Form Lagrangian 1(x , x1 = f(x)+ + g(x)
↑

Lagrange multiplier

& Find critical points of 2 : 72(x, 6) = 0

③ Consider all critical points (x *, 54 of 2
find> that results in the smallest flet)



· yz(x ; x) = (7f(x) + 30g(x)) = 0 =(
g(x)

· contour for f(x) and g(x) are tangent atx*

-f(x) and JgG) at at are parallel

· there isd* such that -f(x) = - j*g(x*

x2 M /g(x) = 0

-C
-O *#Disf(x)= 2/

x ,



For multiple constrains

minimize f(x) subject to E g, (x) =0
---

gk(x) = 0

① Form Zagrangian
2(x

,
d

. . - (a) = f(x) + b, g, (x) + - + Jrgr()

② Solve - e(e
,
d

, ... dr) = o
,
find criti-

cal points e *, d,... dr
*

③ Use a
* With the minimum value of f(x*) .



maximize VTSV subject to 11 VIP= 1
VE IRP

· v is an eigenvector of S

I 2 (v, x)
= v TSV - >(v1- 1) = visu - S(iv - 1)

-
v

= 2Su - 2dv =) Su = Jr

· v corresponds to the maximum value

1 viSV = JllvI = x - max

We showed that

V = v
,
and var(z) = VTSV = J,



Terminology :

z v ,
is the loading rector/direction of PC

· 2
,
=Xv

,
is the score rector (or just PC,)

·J
,
is the variance explained by PG.

Comment : the population version

given random(= (i) EIRP a linear combination

2= xTv with maximum variance and IIvIE1

var(z) = var(iv) = VTEV where

I cor() = 2
,
then V is the first erector.



PCA : the second component (PC2)

② Project the data on a line and

maximize the variance of the projected points.

The line shoul be perpendicular to V
M

I O

......x

&x4 # VI ->·&-->... o-

·--
25V%
-

New optimization goal :

maximize VISV subject to 1IV11 = 1

S VTV
,

= p



· v is (again) an eigenvector of
2(r

,
6

, M) = visu-dNTv-1)-yVir,

I - 2 (v, J ,M) = esr-2)V-M v
,

= 01 - v,

2vtsv-26 VTV-MVTV = -M = 0
- u -

O O II So ,
SV = Jr and rands are ereceval

· v corresponds to the second largest eval.
ViSV = JlVI=Hemax and Viv

,
= 0

I Both are satisfied by V= V2.



Terminology : Ve is the direction of PC

ze = XV2 is the score rector
,
J2 is variance explained.

Vas= (4, () c /R **2

Z =

212

( I W E IR"
*2

(2) (22)= in
= S

S(2)

= XVEY ( 11

(Priz/ XT)
T

·
x2

- ⑧"2
(21

,
422)! ⑭ (i)

452
VI

1 a ~ ~/Vexi #. 34 i/
-

1 ⑧

· Xj (3,9,232)(249,
242)-I

&
·

13
·

x4
2-dimensional

p-dimensional



PCA : the 1.th component (PCr)

maximize VISV subject to lIVI = 1,EVTV
,
=... = VTVr = 0

The resulting directions V
....n are the

eigenvectors of S corresponding to the largest

reigenvalues. TheScores are 2:= XV:

and the variances explained are di= var (2)

Virl = (4 ... Pr)ER
***

the basis
nxm

2c) = (2 ...) =( XVcEIR projections in IRV
T*

(r)
= [ ) =XVr) Vr) ERP projections in IR



-CAvia SVD
X is centered=vT
· Virl are the top-r right singular vectors
· the scores 2(r) = X Vir) = Urs Dir = ( .. 4) (dr)
viVis = (Viri Nirs)+) Vis =(Virve(VrsIvr) =(5) +> RP

*

X Vrs = UDV Vin = UB(z) = u(*an)()=u(
= (Ur (B) = UnDr

· the projections *cr = Urs Dir Vir= SVDr(x)
1

/ /1X() = d,
k

,
v,+.. + drUrVn+Art Urt, VrE+... + dpup VpTX



Principal component analysis by M. Greenacre, P. Groenen, T. Hastie, A. d’Enza, A. Markos, and E. Tuzhilina,
Published in Nature Reviews Methods Primers, 2022

d



Practical aspects

⑦ PCA is sensitive to the units

n(weight, kg) n(weight, kg)

..
-

-

-..- Y->m& -- -

↑
-- (height, cm)

Sometimes you need to standardize columns

of the data

X = (f - - +) - *= ...



② How to pica r ?
· For Visualization ,

use r= 2 or 3

· For dimention reduction
,
compute the

proportion of variance explained by each PC.
VE(P() = d ,

F VEjP(p) = Jp

Total = J
, +...+ Sp

PrEa

--r
PC

scree plot



PVEa · Select + such that
50%

30%
PC, ... PCr explain ,"Y(77

S

//I"7 1%1%Y/ say, 390 % of
the

C 1%I /77=ci
PC total variance.

PVEN
·

- · Selectr such that
·

the remaining n-K
·
In > PVE values are small

PCS PCS
important un important PC

(elbow method)



② Visualization (28) : biplot

In orange : the projec-
N tions of feature axes on

T the (PG
, PC2) space

(2 ,

%

,222) nez= 10. 1 , 0

->- Les = 10.
0. 1)

L

(6 %412)
> I

I

·

2, = (1, 0 , 0)

(252)
EF) =E

((32) (442)
S

projections are

I . Ves = (Vies)
=El



③ PCA complexity

Input : XIR"
*P

Step1 : Column-centering : compute =
Olnp) and xi- d: - for all i =1 ....

n

P

Sep2 : Compute S = XXT
·E

O(np2

Step3 Compete Ligen decomposition of SER
***

O(p3)

Output : directions V, ... Up ,
variance J, ... dp

Total complexity :O(np2 + p3) ↑

Often ,
we need onlyr eigenvectors of SER

***



Boweriteration

Find d , of SER
***

assuming ↓, >dzdy ... Jp > o

In put : SERPYP and arbitrary veIRP

Step1 = Su 3 repeat until v converges
Step2 v=
but : V

Why it works ?

TRecall Sk = U
.
Assume v= V

Then=
i=1

If i= I then =1 ,
if is I then 1 and it

k J
K
/S"v = J

,
6

,
V
, and S,= = V



Application to PCA :

T

1) Use power iteration to find v = d = V
,
SV,

2) X = X(I- V, Vi) ·M|y = X - X = X - XV
,v,

T

Ix
↳-

Oin
3) 5= YTy = S - d

, vvT

5 = E-v, viS(I-v, viT) = 5 - v, rTS-SUViturSur
I = S- X

,
v
, VT- J

,
r

, Vit d . v viT = S-J , VVT

4) Use power iteration to find , of 57

v = Y
,
and Jz = VSV



2nd view of PCA : minimum reconstruction error

Givenn points e.... KntIRP find the "best"

approximation by an o-dimensional plane.

To construct a plane we need:

D
① a point on the plane aeR

· a basis V
, .... Ur E IR", assume VTV= I

↑
2 Any point on the plane is :

v a + p,
V

, +.. +BVr for some B... By

Equivalently, a+ Ve
,
where V= (t .. h) <RP

*

8 = ()E
M



The PCA goal
⑧·minimize lei -(a+V=elavil

·

C
Vb , · xj 9 9 9

· If a and I are fixed
223

bi = VT(xi -a)
W

I regression bi = (TV) VT(xi -a)
· e(a

, v) = & 11 ( - VVT)(xi -a)l12
i = 1

minimized a+ a = j + VVTC for anyCEIR

I
((xi - (a + VVT(xi -a))||2 = 11( - Vri)(xi -a)(12 =

S
= (xi -a)T (I- Vri) (: -al

- ((9 . v) =2 E-vrY( - a) = 2n(I -vvT)(x -a)=0
PI c-a = VVTc for any CERR ,

e
. g. C = 0.



· e(r) = 11 (I - VVT) (x: - ) /12

minimized at V= V = (, . . ., r) top & evecs of S.

e(r) = Etr((i - ci)
"

(I-rVi) pric)] =

= tr((I-VVT) (xi - i) (xi - )T =

= ntrCE-Vvi)Sj = -ntr(viSr) +.....

maximize tr/V"Sv) subject to VTV=I
V IRPXr

⑧ Yxi = a + Vbi = 2 + V) Vin(xi - x

For centered data
, : = Vir Vi )
↑ = X . Wri Virt



PCA on images (from ESLII)
16 Mi

16

> X- (E) o images-

Bies

a 22

any point
in $C

,
PC) peace is

· I-
"

i

· j

,
·M A ⑭
O dra 9

⑧ ->

" n
J + B .. v + B2 Vz 223

17
line
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Width" thickness" W



EachPoint in the biplot corresponds to an image

&

L

thickerA line

1

T
v

S
wider digit

#



PCA on functional data (from PLA by Greenacre et all
&

i 100

-:e
↑

Mi - x=m 3 person- -

-

O ido time

gait cyCle (%)
"time"

any point
in $C

,
PC) peace is 22

&Pc, i=
- v,

o

- · IV2

--
·O dra 9

h " · j

->

9 n
223

J + B .. v + B2V
"Size" "Shape" W
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Vertical shift

Black thick line is C.



Low-dimensional data

If X, . . .

XuZR" belong to an r-dim plane
nxp

them X =[ E IR has rankr lat most)

There is basis V
, ... Vo E IRP such that

I eachxi = BiV, +... +BirVr for someBil.Bir
= ( ..) . 6: Where Git IR"

I Thus [I) =[E) =Br-

-



= -
----

- (#x()
X=

50x30

1 . -

rank(x)= 1

- BB⑫X=FE ( &

11 = X =

50x 30

rank(x) = 2

T T
T 3, V

, +...+ B, WrS -

I
---------

-

T#x =[ - ( T Un
&

Bn , V
, +... +Baco

-

- 50x30
-

-IIIII - rann



Xaviewof PCA : Cow-rank approximation

Given XIR
**
find the "best" approximation by

*E** with rank of equal to 0.
xI

&

⑨

22

⑧The approximation error · I "en
(xij - ·e(y ·T->= 11X-* 11 ? M ⑨ "⑨

n
We aim to solve :

Sminimize1IX-YIIE Subject to rank(*)=
* [

· we can decompose X = &A with RTQ = I

nxr rxp

I rank factorization + QR * = CFT= = Anx+ rxp

· given & find A as A = Q TX

1 /IX-PAIIE= 11X-QajlE Where X=(..) ,
A = (a, ... (p)I It's a regression problem so A=+Q) "QTX



· minimizing 1IX-QQTXIE W.
r

.
+ orthogonal &

is equivalent to maximizing tr(02H)
w. r

.

t
. Orthogonal projection Her

**

outor-dim space.
2 8Here =] where d, ... dp are s values of X.

8

1) X- QTX11E = tr(x+x) - 2 tr(x ++x)+ tr(x +Q*x) =

= -tr(QTXx+Q) +
....

XXT = UBUT then the goal of minimizingnxm

to (QiXxQ) = tr(U) =E =tr
QI H

Here QxEIR
***

and Q*Q = I and His projection onto Q*

· Optimal & is Q = Ul
,
where Kirs = (4 ... w) are left

6. vectors
.

&1 tr(H)= hi+ hi : Where dis.. &?



tr(H)= hi = r( = tr) and Ohi<

optimal H would have hi = ...

= hor = 1

What H is projection with hi .. = hor = 1 ?

Take Q = Url
,
then Q* UTQ=(i (i)_)u = (*)

H = QAQ*= (E) (I-0) = (8) follows the condition .

· A = Dir) VorT = (9ar)[
A = QTX = KUDVT=Er 0)DVT = (Dn 0) Vi= Da Va

T
· The solution is = Kirs N... Vir

Thus X has rank r.


