
Review: 
MVN distribution
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Multivariate normal (MVN) distribution

A random vector EIRP has p-dimensional MVN

distribution lif Vix is a univariate normal

random variable for all VEIR"

Denotex-Np (M, 2), where MEIR" and [EIR**
mean covariance

Properties
-

· If < is p-variate normal and AER&*P
,
6 + 19

then Ax + 6 is g-variate normal

(v+(Ax + b) = YTx + 5
↑

· Ifx = (,) is p-variate normal then : are

univariate normal

I e = (ith ejeeci



IUNdensity

If 20 then the density for x-Np(M, 2) is

f(x) =() 2
- * (x-y)

+
2
-
(x -M)

and the characteristic function is

↑x(t) = eit in - Et
T
St



Transformation

· If x-Nply, 2) then y = Ax + 6 where AER&, GERY
has distribution y - Ng (Am + b

, A[AT).

IE(y) = AM + 8 , cor(y) = AZAT
↑

· · If x-Np10, Ep) and y = [
*2x +M then

y- Np(y , 5)

· Ex-Np(M , 2) where I is full rank then

y = 2
-

12(x -y) v Np(0 , Fp)



Independence
· If (3) is MVN then

sandy are independent >x and y are uncorrelated

This is not true for a general distribution.

· If (3) -Nag), (*) then

·

x and y are independent and

x-Np(My , [x) and yeNg(My, Sy)
1 density functions and 121 = 15x1 . 15y)

· If x-Np(M, 2) then Ax and Be are independent

iff AZB=0

1 Cor(Ax
, Bx) = A cor() BT = 0



Conditional distribution
-

(3) ~Np+g((M) , (x)), demote z =y-Ed&
YX

· x and I are normal

(x = (= %) (j) 2 =Ex, 1) (g)z
A B

· X ~ N(Mx
,
[x)P

z - Nq(My-2yx[x
*

My , Zy- [yx[x [xy)
E(Bec) = B . (i)I Cor(Bx) = B [BT= (-2xx[x

, 1) (y)/
= f(yx +Syx , - 2yx2x [xy + 2y)(-(xy)

"



· i and 2 are independent

I AEBT = (10) ( ) (x) = (xx))
=- 2xy + 2xy

· y (x - Ng (My + [yx[x(x -Mx) , Zy-2xxEx Exy)
z = y - 2x(x *x = y = z+ 2yx2)x

- &

independentI E(y(x) = E(z) + 2yx[x x = My - 2yx[xMx + 2yx2* x
I Cov(y(x) = cor(z)
connectionto regression
· z = y -Eyx [xX represents residuals

I e = y-y = y - XSSxy Ci = yi - SyxSxxi

·Cov(z) represents MSE

lS= le = Ily- XSSxy = Sy-SyxSxS



Geometry of MVN-
Given x -Np(M, 2) , f(x) is the same for all ERP

such that (x -y)
+
2
- (x -y) = 2 .

-

d(x,M) =Mahalonobis distance from x to .

Density of MUN is constant on contours of an ellipsoid.

2 = unuT
&
denote y = uT(x -M) vNp(0, n)

2

I contours fory: Ay = c (E = C ellipsoid

x = Cy +M (rotation + Shift)



⑮z x - Nc (M , z)
11 Il

21(i) (e)(ii)
I = unuT y = u T(x -y) -N(0, h)
(42)()[]

2

YContours for y are + c

rYz x2A yu =

Tu

c=2 x = Hy+↳
Y,

M I *5 > -

axes scale byic
-

C
,



y (x - Ng (My + [yx2x(x -Mx) , Sy - 2xxExExy)

f(x)
f(xz)

* D
&-& x21

x2⑳ C

orange line : M2+ (0-M)

·
it passes through (M+,M2), how about the direction ?

↑

· variance of (21 , is [22-E



Confidenceellipses

If x-Nply ,2) and 230 then

(x -m)T2"(x -y) X (p)
This allows to compute IPC(x-MITE"(c-M) < +]
and draw confidence ellipses (e .g. 95 %)

y = 5 - 2(x -y) Ng(0, I)
iidI y = (p) and ~ No

. 1)
2

D

( -M)
+ 2
+

(x -m) = y +y= y: -x
2

(p)



Schurcomplement

M=(A)
(p+q)x(px9)

Acr
**P

,
2e19* are invertibleR

Schur complement of C is M/2 = A-BC*BY E/RP
*P

of A is M/A = 2-BA"Be199

Properties
· M30 iif AXO and M/A > 0

· M30 iif C>0 and M/C > O



Iblock inverse
- A"B(M/A) +

(AB) ) = (N - 1 S
-2 B(M/C)" (M/A)

A + B .B =I

A B + B .T = 0 =) B = - AB

1 BT + 2B= 0 => c = ( - BTA
-

B)
- 1

BTB +c = 1 =- BA"BC +c = I

By analogy A = (A - BC " BT)
-1

B = - C " BT



PartialCorrelation

x =( ~ /p ,
+ P2 (( ) , ) (p=p, +Pz)↳() M

Y(2)/3() ~ Npc)M2) + [2 , [i, (xx) - 1 1)
I
522-[2 , [,[ ,2)11

-

22 - /

Ez ., is called partial covariance.

· Ec , is Schur complement 2/[,

Now
,
let x() = ( ,)) then E2 . 1 E

IR
**

and

could be used to compute partial Correlation

Gij /12 ..(- 1) (i+ 1) . -.(j- 1)(j+ 1) - p



Consider the precision matrix

- =2 =( = (*
*

* (( ,)
-

inverse of partial
covariance

If [15 = 22. = (a) (ac =a

(then (15) = 1882) = attra fa

Thus == gii1 ...(i... jl. .

If Dij = 0 then K; and xj
O //

=

I7
= 2"( -///, are independent given the rest.i>

deliver partial correlations



( - ((15)-t = 18 e = ata-ana fa
implies 6, = 22-azaz

all
622 = atazz-aiz92 ,

612 = --az

Thus - 2 =aa /aamazan&
E2, can be viewedas covariance matrix and

gij) 12... (i - 1) (i+) ... (j-)(j+1) ... p=
22·
>

This quantity can be computed from F .



Log-likelihood

If x, . .. n [Np(M,
2) then log-likelihood is

e(X; M,2) =- log(2) - log12)-ME"bi-Mi =/

Now Di-M)
+

5 -"(xi -M) =

- * (xi - (2)5 -(x - (i) + n(x-m) +2 (2 -M)
i= 1

e(x;M . z) = ( (x -M) + 2 - (i -M)) + -----

7.pe(X;M, 2) = n . 2
"
(i -M) = 0 => M = =

~
O



2(x;M, 2) = - [log15) -1 :
- ciTE"(x- )+...

= - log(d) - [tr (2
+

S) +.....
where S=1 tr()"pi--T1, xi - xI = tr(2-(x : - )(x- )] = ntr(2 " S)

One can show that f

0 = 2 " = e(x;, 0) = Elog(0) - [tr(OS)

I * e(x;/ , 0) = =(0" - s) = 0 = 5
- 1

Here we used the fact that Jalogdet(A) = A-T



Distribution of the estimates
ind

If x, ... xn-Np(M , 2) then EcNNp(M-)

I - = Ay where y is MUN.

If <, ... knw No ,2) then M= X*X= xixiTe***
i=1

has a Wishart distribution with n degrees-of-freedom

and scale matrix [. Denote by M-Wp(2, n).

If 2 = I the it is standard Wishart distribution

One can show that

(n -1)S= (xi - (c) (x- ) vWp(2 , n - 1)
and independent of J.



Properties
· Wp (5, n) is a probability distribution on PSD matrices

of size pxp.

· It is a generalization of Xns if p = 1 W
, (6, n) = 52X↑

P
2

1p = 1 , X= (,) ERP, XTX = Exii = 1

· If M-Wp([ , n) and AER** then

ATMAnWp(ATSA , n)

(AT MA = ( XA)+(xA)
,
y= XA =E) , y: - Ng(0, A +S1)

· If M-Wp(I, n) then tr(M) -x(np)
h

& ENM = tr(e) = trpiec)= 11



Ifx-Np(0, 1) and M-Wp(1 , n) are independent
T nxTM-1x has Hotelling T2 distribution

with parameters pand n .

Denote =Th (p , n).

Properties
· It is a generalization of Student t-distribution

u

iid

· If , ... xnNp(M, 2)
, = , S = Excit

n-1i= 1

n(x-y)s - (c -M) - + (p, n - 1)

I In(5[
-M) - Npl0 , 2) - independent

n - 1)S - Wp (5 , n -1)



Univariate (p = 1) Multivariate
-

x, ... n
-N(M, 67) x

,
... nvNp(M ,5)

= =
- - N(M ,= 5 ~ Np(m,*)

s= (x-5)
2 S = (x:- )(xi - 2) T

i=/

2 2

(n -1)g2m 2 (n - 1) (n - 1)S - Wp (2, n -)6 S

E-t(n-1 n (c-M)S"(c -M) m Tp(n - 1)



Recapfrom Lecture 2

x is p-dimensional MUN if vix is univariate

normal for any VER !

· density for erNp(M, 1) is

f(x) =() e
-* us

+
2
+
(x-y)

· density contours are ellipsoids ((y)"2
-
(e ) = C

Properties
· x-Nplm, 2) then + @ ~Ng (AM + 6

, A[AT),
2. 9 . y = 5

-

2(x -M) - Nolo , I)
· (3) is MrN

sandy are independent > sandy are uncorrelated



ERP
· (3) Np( , (x) thei&

YX Y

- I

y (x - Nq (My + [yx[x(x -Mx) <y - 2yx[x
+

Exy)S
--
linear inx constant

· If Fij = 0 in the precision matrix O =2
't

then x: and x; are independent given x1 ...... X... in

O If x
, . .. n +Np (M, 2) then MLE are

1

M = =: and I=-)(-)
i=1

· Distribution of the estimates

icNp(M.) and (xi -c) (x -2) ~Wp (2 , n -1)


