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matrices & 
decompositions



Interand innerproducts

Innerproduct of a = 1) R and=
6= abi = (a,A

Recall
,

a and 6 are Orthogonal if att = 0.

Outer product of a = 1) R and=
a . fi= (a)
- 1 = ⑧ la= FScalar

Inner product US. Outer product



given A cIR
***
and BER

**there are two ways

to view the product A B.
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Rank factorization

given A /R
***
With rank(A) = r

,
one can find

⑨ full column rank CERhx

· full column rank FE/RpXr

such that A = CET
= Cjf

-



QR decomposition

Given AcR
*P it can be decomposed as A = QR

where is column-orthogonal
,

i . e
. QTQ =I

· R is upper-triangular

FiltD
A &

To find O and R Gram-Schmidt procedure is used.
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What if rank/A) = r < p ? This will be reflected in R.

↳t
space of A

Example : Linear regression

B = (x+

x)
=

x
+

y = (RTR)
=

R Ty = R
*

QTy
RB = Oty can be solved via back solving (fast !)



Eigen (Stectral) decomposition

Consider AEIRx assunce A is symmetric.&

Then A = UnUT where

· UER" is orthogonal i . e. UTU = UUT = II

·A = (X...>) iS diagonal
u = (4... un), u: are eigenvectors

↑: are corresponding eigenvalues

Sometimes
,
it is useful to view ED as

A = X : nini
i=1



#pertiea
ja i.e mapping A doesn't rotate U.J J& I

n

1 A =Ediciu Au = dinininj = Xjuj
· Eigenvectors are determined up to sign

Iki- - Ki

· The rank of A is the number of non-zero di.
M

· If V = Zilli then AV = &X i Lilli
i= 1 i=1 ↑

I Av =diKi = Lidi Ki Scaling factors



&finite Matrices

A symmetric matrix A R
N Xn

ispositive -definite (PE) ifE/

if vTAv > O for all VERY V + 0

&

It is positive semi-definite (PSO)
if vTAv > 0 for all VER"

PSD : A 30 PD : A) O



Properties :

· A30 E Xi30
· A >0 # Xi > 0

A > 0 = vAr > o EVEO
,
let v =Gi

UAu:= X : 1Kill= 6:30I
5:0 => vTAv = (r)) = dily:1

Y

· ED can be used to compute powers of A

aS Ak = UN
*

UT
.

-I AF =TunUT = UneT
K

N

& for AO it holds A" = UN'UT

for A30 it is true A =UNUT
T

1 A2 A = Un****uT = UnUT = A



Projection

Matrix PEIR
nyn is a projection matrix if PhiOrthogonal projection is when P = pT= p ?

#perties : if P is orthogonal projection then

· Eigenvalues are 0 or 1

I p = naut
,
p2=Anuy= p=+

· It is PSD
.

· Diagonal elements are bounded O Pii = 1

I p = p = pip => pi =&ppio



Examples
-1 T

⑧ Given UEP P = n(uTu) U is orthogonal projection&
aY

Onto the columnspace of U

Pu(y) = up and -1 yer" #inI minim lly-UBI-regressiona
· If U is column orthogonal P

=UUT.

us mutuau· P= I-UUT is projection onto the column I
Uz

space of Ut

( = (n
, 4)= = unt

=



UI is orthogonal complement of the basis U if

· U+ EIR
** (n-p) is column orthogonal, i

.
e. UIU+= I

· = (U (1) = R**" is orthogonal ,
i. e. T== I

This also implies that

· UI is column orthogonal and UTU1 = Opxmp)



ocumncentering

Given sample matrix XcR
**P

&

· the sample mean
is =

· the column centered version is X = C . X
&

where C = I - ep is centering operator.
W

12X = X- x = X- 1 . T = x-E
(is orthogonal projection operator

(Onto what space ?)

IU = E - 1ER" then UTH = 1
,
2 is projection on U1



simplecovariance matrix

given X =(f,.... (b) = R nxp sample covariance matrix is

SERPP with Sij = Cor(fi
,
fi) .

If X = [E) and c =- then

-TS = 1 x -c)(xi - x =T
(x +
CX = XTccX = *TY

If X is centered then S = X
n - 1



Properties covariance matrix is PS
1v+Sv = vixXv=
· In fact

,
viSv = var(Xv)

· In regression B = S" Sxy where

S E RRPP is sample covariance for X and

SxyERP
*
is sample covariance between X andy

I B=)



AngularValue Decomposition (SVD)

Given AERP SVN expresses A as
&

A = UDV where

· Ue1Rnxn VEIRPYP
are orthogonaland

· DeR
**P

diagonal with non-negative entries

sorted in decreasing order.

Un = Unt=I⑮ =Mi a I rTv = ruT= I

d, , . . . > dp , 0

ir Singular righta
s



⑮ =Mi a
Compact form for SVD :

#↑orthogonal
diagonal↑

column orthogonal

Note that A =Migh Rivi
i= wo

↑ rank-1 matrices

↳ ranked by "importance"



Properties :

-

· A V = divi and Ani = di Vi for it min (n
, p)

1AVj = dini VIVj = djkj1VjIR
i = 1

· Every A has SVD.
· O is unique

,
U and v are not.

For example,
if we have repeated singular

values there are many ways to compute Hand V.

W = (d) = dI then UDUT=D

I *=dru= ) v=
· If rank(A) = r

,

then "An =
-
=dp = 0



Linkbetween SVD and ED

· If A is PSD
,
the decompositions are the same.

What if A is symmetric but not PSD !

I A = UNUT if J : 30 then U=U
,
D = n

,
V= UI If J : < O then Ui = Ui

,
di = -di, Vi

= -Hi

given AER
***
With asp

· Vi are eigenvectors for ATA diare eigenvaluesI

SA = UDVT ATA = V DUTUDUT= v82rTI pxpl
S

· Us are eigenvectors for A AT diare eigenvaluesI

(plus some extra zeroes

AAT = UBUT

I nxp Exp



dExample X= UDVT them ↓i ge regression solution

&= XB,= X(x+
X + xi)

+
x

+

y = minkp Li ,Si
m

scaldown Letection;
j = UNVT(VDrT+ JI) "VAnTy =

/I = UNYX(2+SI)"VIVOuTy =

=uuTyuy



Metrixand Vector norms

given Vector VEIRh

· e , norm IIVIh= I vil

-· ↳2 norm IIV/1= VE (often 11 VII)

given matrix A ERR
** P

· Frobenius normi 11All? A = trA(A)
Recall that for AcR*" trace is tr(A) = Air

Properties

· tr (A) = +r(AT)

· tr(ABC) = tr(CAB) = tr (BCA)
min (n,p)

· Nuclear norm11All* = Edi(A)



Gradients

If f :R"-R ,
so it takes x= (ER and

maps it to a number then
&

-f(x)=
If f : RP-R

,
so it takes A = (A) E and

maps it to a number
,
then

Taf(a) = ( ...)
**

-
-

...



Examples :

· SERRYS = ST
,
xeRh

if f(x) = xTSx then *xf(x) = 2Sx

T

xTSx= Sijij & =Sij; =I -x f(x) = (2) =25

↑ x

· A
,
Be R

***

if f(A) = llAIIE then Jaf(A) = 2 A

1 /I All ? = A -A = 2Ai Taf(t)=2) =2A

if f(A) = tr(ABT) then JafIA) = B

1 tr(ABT)= Ais Bij =Bi



Recapfrom Lecture 1

Rank factorization : rank (A)= r =>(and F are full col. rank

A = C . FT

-#xp
QR decomposition : QTQ =I

,
Risupper triangular

A = Q . R

=
nXP nxp pXp

SVD : UTU =I
,
D = diagld, ...

dp)
,

d
. ...Appo

,
VTr= Uri= I

A =
U . D . rT

#



ED : AT= A => UTU = UUT = I
,

n = diag (d, ... da)

A

#
nxu hxn nxu nxn

Property : A = UDUT= AAT= UBUT and ATA = VP-VT
leveceral -e

.
vale

. vec

Orthogonal p2= p = PT
roP section :

· on to U= (4, ... up) => P = n(n +u)
- 1
LT

· onto I if u =1 => P = uUT

· onto U+ => p = I - UUT

Example : c = 1-T centering operator

PSD : symmetric AX0 if VALSO for any V.

equivaletey ,
d : (A) 0

Examples : orth . projection ,
sample covariance


