
Logistic regression
This method focuses on K = 2 assuming
that log odds of class 1 vs. class O is linear in x :

logP(z = 1/X = x)
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· Note that LDA also has log odds linear in x
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To simplify the derivations we will relabel

class 2 into 0
,

i
. e. Y: 10,

13
-

and include
(

the intercept in features
&

i
.
e

. B =(RP*and XEIRhx
Logistic regression directly estimates .

1
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-· P(z = 1/X = x) =

1+ 2
-Bx

Denote by T(x)= P(z = 1(X=x) = (-T() = P(z = 0(X= x)
(x)log)+ )=Bix = = - 1 = e

-BTx =>-

(x)

π(x) =

Te - Bix

P(z = 1/X= x) = G(pTx) where G(n) =

e y=
This function is called sigmoid. function.



Properties : 6(7) = Het
n >(4)

· 6 (n)> 0 .
5 for >, 0.

5
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- 6(7) = 0 .
5 for 10.
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&P(z = 1(X=x) > 0.
5 if po +Bio
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T p(z = 2/X=x) = 0.
5 if po +Bix < 0

Decision boundary BotBix = 0.

· 6'(y) = G(y)(1- 6(n)

6(7)= =e = <(b) · (-5(n)
· (0g6(y)) = 1 - G(y) &

(log(1 - -(n))))= --(4)

(log G(n))) = ()= G
G(n)



Logistic regression finds B by maximizing
log - likelihood :

e(X,yjB) = logp(z =y; (X = xi)

Coe(X,yjB) = 2 g 6(Bx .) + [log(1 - G(BTx:) =
i : Yi= 1 i :y;= 0

=> y: log6(BTxi) + (1 -yi) log(1- G(BTei)

Maximizing log-likelihood has no explicit solution.

We need to applyOne of the optimization algorithms.
&



Detour : Newton's method

given a function f : -R
,
solve

minimize f(x)
x

grana( S
Gradient descent update : x(t+1)

= x()- yf(x))

Newton's method update : x+)= x*)-(f(x +)))
+

Af(x +)



Motivation for Newton's update:
· Let's take the second order approxima-

tion of f(x) at point xEIRP

1 f(y) = f(x) + Jf(x)
+

(y-x) +((y-x)
+j2f(x)(y-x)

· value y that minimizes the approximation
corresponds to Newton's update.

Syfly) = Jf(x) + =2f(x)(y - x) = 0

I Then y = x - (2f(x) ff(x)
((t )

·
(((+ )9(+)y((++1)



Iteratively reweighted least squares

e(X, y; B) = y: log6(BTxi) + (1 -y:) log(1- 6(BTeci)

· Op2(X, y;B) = X (y-) where T=
Denote Mi = P(z= 1(X =xi)by
- = yi (1 - 5(Txi)) xi - (1-yi) G(BTx;)x; =

= : Yisi-6 (BTi)(i = Gi- G(BTxi)xi -

= , (yi -Ti)x = XT(y- π)



· XpC(X, y;B) = -XTWX where W = diag (T*(1 - T)

= G(BTx) (1-G(pTxi))xix -

-

=
- (1-T)x= - XTWX

· At iteration t
,
we obtain B, i'l and Wil then

Newton's update implies

p(
++1)

= (x+W(X)
-

"XWH2H) for some 2't)

((t+ 1) = p't)+ (x +W(x)
+

XT(y - πH) =

= (x+WHX)-xT(w((Xy(t)+y-πH) =

= (x WHX) - TxWH)x3(4)+ (wH1) (y- T+))=
= (x +WHX)

- "
X

+WH)2H)2()

This is regression 2H) ~ X with weights W'



Logistic regression via IRLS :

Input : X
, y , initialization 11%

At iteration t = 1
,
2, .

Sep1 Compute 2() = Xp(+)+ (WH1) (y- T /)
WH = diag (T(H * (1- π())

where π() = (p(z = 1(x=x)

( &...... =
-

P(z = + (X=xn)

&ep2 Solve weighted regression problem
with response z'

,
features X and weights w't)

Butput : coefficient rector B .



Extensions of logistic regression

① Multiple classes K >2

eBortBiax
P(z = R(X =x) =

eBoj +Bij for k = 1. . . k

j=1

Softmax : (H.... nu) zen - ...
s(

j=

Fit (Bor , BinY, by MLE.
Decision rull h(x) = argmax P(z =r(X=x)

R = 1... K

· Log-odd are linear functions in

log -

log (outBin (-

BirBor
-

= (Bom-Bor) +Bir-Bir)x = Bor + Binx



② In high dimensions() > n) add regula-
rization :

minimize -e(X, y; B) + J Pen(B)

Example : penalties

Pen (B) = 11 BI "ridge"

Pen (B) = 11 B11,
"Casso"

Pen(B) = (1-2) 12 + 2/1B11, "elastic net"
2



k-nearest neighbors (kNN!

This is a distribution-free and

memory-based method.

Given data XIR
**
labels yelR

"

classify a point i IRP by :

· find NK(x) 141, . . . ,n) the set of in-

dices fork-nearest neighbors of i in the

training data

· classifyx according to a

majority vote

⑪Flyi=h(x) = argmax 1 &
R = 1

... K
K



Example : 1-NN
,
Euclidean distance
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Example : n-NN
,
Euclidean distance
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INN vs Buy classifier
If we know P12IX)

,
Bayes optimal classifier

is h(x) = argmax P(z =R/X=x)
.

= argmax Tr(x) = R *

R= 1... K R= 1- k

Then the error forc is EBo = 1- Tax (x)

For INN demote by Rnn the nearest neighbor of
Then the error for > is Enn = [Th(x) (1-Tc()

R=/

If n-o them TTR(x) = Tr (Ana) for R= 1
...

k

x is in class & With probability TRP)

awa is not in class R With probability 1-Trk)

One can show that EBo = Enn[2 EBo

1 k =2
,
EN = 2 Pax(x) (1 - Pr* (x)



Practical aspects of KNN

⑦ K has significant impact on the result

EStl/

Small k : capture local information,
may overfit

Largek : more stable
, may

underfit



use cross-validation to select K.



① scaling is important, standarize X.

O kNN requires storing X and Y3

T R
,
take (x: it c] and-or class

perform R-Means clustering.
Denote the centroids by C

. (R) .... 2(k)

Replace (x:: it 3- < ((d) : v = 1
.... R3
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④ kNN has equal vote weight
h(x) = argmax [

1 [(yi = k)
K

R = 1
. . .kitNk(x)

Ties can be broken at random
, alternatively :

h(x) = argmax [Wh,
xi) [ (y:

= R)
R = 1

. . .kitNk(x)
1

2 . g. W(, xi)
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