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Abstract

Canonical Correlation Analysis (CCA) is a statistical method for identifying linear relationships between two
datasets. For these relationships to be meaningful, the underlying patterns must be consistent across datasets
measuring the same features. Understanding the conditions under which CCA produces stable and reliable
patterns is therefore essential. In this paper, we extend the simulation framework and results of Helmer et
al. (2024), building on their generative modeling approach to simulate synthetic datasets and systematically

assess the stability of single and multiple canonical pairs under diverse and controlled conditions.

1 Introduction

1.1 Motivation and Related Literature

Canonical Correlation Analysis (CCA) is a multivariate method used to study the relationship between two
sets of variables by finding linear combinations of each set that are maximally correlated. It is widely used
in settings where both sides of the analysis are high-dimensional, such as relating brain imaging measures
to behavioral, cognitive, or clinical variables. In such applications, CCA is attractive because it summarizes

complex cross-set relationships into a small number of interpretable canonical pairs.

Several recent studies have highlighted both the usefulness of CCA and the practical challenges involved in
its application. Zhuang et al. (2020) provide a technical review of CCA and its variants in neuroscience,
emphasizing its broad applicability and important methodological considerations. Yang et al. (2021) study
the stability of CCA in brain behavior analyzes and show that the subject-to-variable ratio and correlation
strength have substantial effects on stability. Most relevant to the present work, Helmer et al. (2024) develop

a generative simulation framework and show that when the sample size is small relative to the number of



features, CCA associations and weight patterns can be highly unstable and inaccurate.

Despite these contributions, there remains limited controlled simulation evidence on how classical CCA
recovers individual canonical pairs across both the single-pair and multiple-pair settings under systematically
varied sample size, feature dimension, and correlation structure. Existing work has mainly emphasized overall
stability, subject-to-variable ratios, or broad methodological guidance. The present study addresses this gap
by extending the simulation framework of Helmer et al. (2024) and evaluating component-wise recovery using
multiple metrics, including canonical correlation error, weight error, score error, loading error, stability, and

observed correlation behavior.

1.2 Canonical Correlation Analysis

Consider two sets of variables represented by the random vectors X € RP and Y € RY, with corresponding
covariance matrices Xx € RP*P and Xy € R?%%9, and cross-covariance matrix Y xy € RP*?. Canonical
Correlation Analysis (CCA) seeks k pairs of linear combinations of X and Y that are maximally correlated,

where k < min(p, q).

Specifically, let Wx € RP** and Wy € R?7** denote the canonical weight matrices, whose ith columns, Wx i
and Wy ;, are the ith weight vector pair. The corresponding canonical variates are defined by U = XWx €
R™k and V = YWy € R"*F 5o that the ith canonical pair is given by U; = XWx ; and V; = YWy;. For

each i =1,...,k, CCA finds Wx; and Wy ; to maximize the correlation

.
Wi Sxy Wy,

r; = corr(U;, V;) = corr(XWx 4, YWy,;) =
\/ (WEmx W) (Wi Sy )

)

with resulting canonical correlations satisfying r1 > ro > -+ > 7. To make the solution identifiable and
nonredundant, two sets of constraints are imposed. First, scale invariance is removed by requiring each

canonical variate to have unit variance:
var(U;) = Wy ,SxWx,; = 1, var(V;) = Wy Sy Wy, = 1.

Second, each successive pair must capture a new relationship between the two sets of variables, so the

canonical variates are required to be uncorrelated with those from previously extracted pairs:

corr(U;, Uy) = Wy ;ExWx,; =0, corr(V;, V) = Wy, Sy Wy,; =0, j<i.



In practice, the population covariance matrices are unknown and must be estimated from column-centered
data matrices X € R™*P and Y € R™*? obtained from n joint realizations of the features. The empirical
covariance estimators are f)x = ﬁXTX, f]y = ﬁY—rY and 2Xy = ﬁXTY.

The empirical CCA problem for the ith canonical pair is therefore

max Wy Sxy Wy,
Wx,i€ERP, Wy ; ERY ’

subject to Wi SxWx;=1, Wy SyWy,; =1, and Wy ,SxWx;=0, W{,SyWy;=0, forj<i.

2 Data Generation Method

We define the feature dimensions p,q, sample size n, and number of canonical correlations k. The true
correlations between the k canonical variate pairs are denoted by Ttrue1,- -, true,k, and we define S =
diag(rerue,1, - - - » Ttrue,k)- 1o control the within-set covariance structure, we define ¥x and Xy as diagonal

matrices whose entries follow a power-law decay:

1 1 1 1
Yx =cp-diag| 1, —, ..., , Yy =c¢y-diag| 1, —,..., .
Qg po= 90y qay

In our simulations, we set ¢, = ¢y, = o, = oy = 1.

To generate population weight matrices satisfying the canonical constraints, we first draw random matrices
My € RP*F and My € R7** with entries generated independently from the standard normal distribution.
We then apply QR decomposition to obtain matrices U € RP** and V € R9**, whose columns are orthonor-
mal. The population weight matrices are defined by Wx = Z}UZU € RP*F and Wy = E;l/QV € R1*F, By
construction,

WiSxWx =UTS?sxs U =00 = I,

and similarly, W;EyWY = Ii.

In addition to the QR-based construction above, an alternative method was used. Random matrices ﬁ//X €
RP*k and Wy € R7%% were first generated with iid. N (0,1) entries. They were then normalized with

respect to the covariance-induced inner products:

Wy = Wx (WesxWx) 7% Wy =Wy (W Sy Ty) 72



This guarantees W)—'(— YXxWx = I, and W; Yy Wy = I;. The corresponding matrices were then defined by
U=xYVWyx and V = £/Wy.

To avoid configurations where the signal is overly concentrated in few low variance dimensions, we impose a
—1/2

feasibility constraint on the population weights, we require the orthonormalized weights, Wx =Wy (W;WX)

and Wy = Wy (W Wy )~/2 to satisfy

M and tr(W52yWy) > w

tr WTZXWX Z
(WEmxTiy) > = T

If a generated pair (U, V') or (Wx, Wy ) fails to satisfy the criteria, the matrices are discarded and regenerated.

We define the between set covariance as X xy = E}/QU SVTE;/ % and the joint covariance as ¥ = (EEYXX EZXYY ).
We draw n i.i.d samples from the joint multivariate normal distribution, () ~ Np44(0,X) and store them

.. xf ur
row-wise in the datasets X = | .. Jand Y = . |.
xr

n- n

3 Stability Analysis Method

To evaluate the stability of CCA, synthetic datasets are generated from known population models, and
the estimated canonical correlations, weight vectors, scores, and loadings are compared with their true
population values. In addition to parameter recovery, the stability of the estimated weight and loading
vectors is quantified, and the statistical power of the estimated canonical correlations is evaluated. This
recovery is examined by systematically varying three experimental factors: the correlation level, the feature

dimension, and the sample size.

The analysis is carried out component-wise. In the single canonical pair case, recovery is assessed for one
canonical direction. In the multiple canonical pair case, the same metrics are applied separately to each

canonical pair in order to study how recovery changes across components.

This component-wise approach was adopted because the main goal is to evaluate the estimation accuracy of
each canonical direction individually. An alternative would be to compare the estimated and true canonical
subspaces jointly using principal angles. While such a subspace-based analysis may be useful for measuring
overall agreement between sets of directions, it does not isolate the recovery of each canonical pair. For this

reason, the present study focuses on component-wise recovery.



3.1 Metrics for a Single Canonical Pair

In the case of a single canonical pair, we consider a single population canonical correlation p and the pair of the
associated weight vectors wx € RP and wy € R9. The score vectors, txy = Xwyx € R™ and ty = Ywy € R",
as well as the loading vectors £x = corr(X,tx) € RP and ¢y = corr(Y,ty) € RY with correlations calculated
between each dataset feature and the score vector. The loading vector ¢ measures the marginal similarity

between each feature and the latent score and is defined as:

‘€X — diag(zxx)_l/gzxxwx
\/w};EXXwX

illustrating that loadings are the weights transformed by the covariance structure, normalized and scaled.

We use hat notation to denote the estimated values of these quantities and investigate the following stability

metrics.

1. The relative error of the estimated canonical correlation 7 with respect to the true correlation 7.

measures how accurately the association strength between X and Y is estimated:

7 — Ttrue
Ar=——.

Ttrue

2. The weight error measures the discrepancy between the estimated weights wx and wy, and the true

weights wx and wy. It is computed as the maximum deviation across both sets using the cosine

oo PR )T
similarity cossim(w, w) =

Aw = max(l — |cossim(wyx,wx)|, 1— |cossim(wy,wy)l).

Cosine similarity is employed to compare the alignment between estimated and true weight vectors in
a scale invariant manner. By taking the absolute value, we account for the fact that weight pairs are
equivalent up to a sign. This similarity measure is then converted into an error metric by taking its

complement.

3. Denote the test datasets by X(¢s9) and Y (*¢sY) The score error quantifies the discrepancy between

the true test scores t(;%t) = X(est) ¢ and tgfeSt) = Y (test)yyy and the estimated test scores tg@s” and
2?A()zest):

At = max (1 — ’corr (fgﬁe“), tgze“))

, 1= ‘corr (fgem,tge“)) D

To make the scores comparable across repeated simulations, the metric is calculated using a common



test set.

4. The loading error measures the discrepancy between the true loadings £x = corr(X (tes’f),tgze“)) and

y (test) t(tGSt)

£ty = corr( ,ty ) and the estimated loadings E (test) and [?gﬁ“t);

N (1 B ‘corr (ég?est)’e()zest))

, 11— ‘corr (fgeSt),ngESt)) D .

5. Weight stability is quantified as the absolute cosine similarity between estimates obtained from two

independently drawn datasets:

Sx = ‘COSSIH’I(’LUS),'LU;())’ and Sy = ‘COSSlm(’u)g/l),wgf)) ’ .

(1
Here, wy

) and wg?) denote the weights estimated from the first and second datasets, respectively (and
analogously for wy ). When multiple pairs of datasets are available, stability is computed for each pair

and then averaged across all pairs. The stability of the loadings is defined analogously.
6. Power measures how often the observed canonical correlation is sufficiently large to be detected as
statistically significant relative to a null distribution. It is estimated through the following procedure.

For each generated dataset pair (X,Y) drawn from a specified multivariate normal distribution, we
compute the estimated canonical correlation 7. To construct the null distribution, we fix X and

independently permute the rows of Y M times. For each permutation, we compute the canonical

correlations, resulting in M null correlations 73! . .. r“u“ We then estimate the empirical p-value as

1 M
ZH Anull > 7"
1:1

For a chosen significance level «, the observed correlation is declared significant if P < «.

The experiment is repeated N times, yielding p-values P(1), ..., PY) The empirical power is defined

as the proportion of dataset pairs for which the observed canonical correlation is significant:

Power = —

e
=

3.2 Metrics for Multiple Canonical Pairs

When analyzing k canonical pairs, the strengths of the associations between the two sets of variables are

summarized by the population canonical correlation vector ryye = (Ttrue,1,- - -5 Ttrue k). Lhe corresponding



population weight matrices are Wx € RP** and Wy € RI** whose ith columns correspond to the ith
canonical pair. Similarly, the score matrices are denoted by U € R™** and V € R™**, and the loading

matrices by Lx € RP*F and Ly € R9%F,

To evaluate stability in the multiple-pair setting, the metrics introduced in the previous subsection are
applied separately to each canonical pair. That is, the relative association error, weight error, score error,
loading error, and stability are computed component-wise in order to assess how recovery changes across the

successive canonical directions.

To compute power in this setting, a permutation-based procedure is again applied to each canonical correla-
tion estimate. To account for multiple testing across the k components, a Bonferroni correction is used, so
that the ith observed canonical correlation is declared significant if its p-value is below «a/k. The empirical
power for component 7 is then defined as the proportion of the NV simulated datasets in which that component

is detected as significant.

An alternative approach would be to compare the estimated and true canonical subspaces jointly using
principal angles. However, the objective of the present study is to evaluate the recovery of each canonical

pair individually, so the analysis is carried out component-wise.

4 Simulation Results

4.1 Samples per Feature is a Key Determinant in Stability

Building on the framework established by Helmer et al. (2024), we employ their benchmark analysis to
evaluate whether samples per feature remains a key determinant of stability in single and multiple canonical

pair analysis under our proposed generation approach.

Single Canonical Pair For the single canonical pair setting, we consider a fixed number of features,
p = g = 8, and investigate two population correlation sizes, riue € {0.1,0.5}. To ensure that our findings
generalize across a range of covariance structures, we generated 10 distinct population models for each
correlation. For every model, we sampled 100 independent datasets across the sample per feature ratios n/p €
{3,8,16, 32,64, 128,256,300}. We then applied CCA to each dataset to estimate the canonical correlations
and weights which were used to compute our stability metrics: weight, score, and loading error, averaging
the results across all datasets. To assess statistical power, we generated 100 datasets per model and 100

permutations per dataset. This procedure for calculating power is maintained for all subsequent figures. For
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Figure 1: Stability metrics for the single canonical pair setting as a function of samples per feature. The
figure shows statistical power, estimated association strength, weight error, score error, and loading error for
two population canonical correlations, ri,e € {0.1,0.5}, with p = ¢ = 8. As samples per feature increase,
power rises and the error metrics decrease, with substantially faster convergence when the true correlation
is larger.



computational efficiency, statistical power was capped at 1.0 for all cases where n/p > 512. This threshold
was validated across a subset of models for each figure, confirming that power consistently converges at this

point. Full computation for these values remains an objective for future work.

We present the results in Figure[l] In this single canonical pair setting, the results demonstrate a stark con-
trast between medium (r¢ye = 0.5) and low (e = 0.1) correlation values. Under the stronger correlation,
the model reaches near perfect power and minimal error rates by 32 to 64 samples per feature, while under
weak correlation, errors remain high and power fails to reach 1.0 at max ratio of 300. This highlights that
while the samples per feature ratio is a useful heuristic, the correlation magnitude serves a decisive role in

determining when a model achieves stability in the univariate setting.

Building on this, we observe that the figure provided by Helmer et al. (2024) reflects a more complex
simulation environment with more diverse covariance structures, evidenced by substantially wider confidence
intervals, specifically for ri;ne = 0.1. Additionally, the power curve for r.4c = 0.1 reaches convergence earlier
around 250 samples per feature which suggests that their method allows for easier detection of the presence

of an effect.

Multiple Canonical Pair For the multivariate case (k = 3), we investigated two population correlation
triplets, rtue € {(0.25,0.20,0.15), (0.55,0.50,0.45) }, and followed a procedure similar to the univariate set-
ting, using p = ¢ = 8, 10 population models, 100 independent datasets per model and samples per feature

ratios of {3, 8,16, 32,64,128,256,512,1000}. The results are presented in Figure

The multicanonical analysis confirms that samples per feature remains a dominant predictor of stability as
each metric converges towards its asymptotic value as samples per feature increases. Across both correlation
triplets, a clear hierarchical pattern emerges, with stability achieved more rapidly for lower components. This
delayed convergence is consistent with our conclusions from Figure 1 as correlation magnitude decreases by
0.05 for each successive component. However, this hierarchical effect becomes even more pronounced: for the
same correlation, 7y = 0.5, the multicanonical setting exhibits slower stabilization than in the unicanonical
setting. This suggests that estimating later canonical pairs requires a higher samples per feature ratio to

achieve the same level of error.

A plausible hypothesis for why the second canonical component takes longer to stabilize in the multicanonical
setting is that it must be estimated conditionally on the first component. As each successive pair must satisfy
an orthogonality constraint relative to the previous pairs, the range of values it can take is limited. As a
result, errors in estimating the first component can propagate to the second, making its estimation less stable

and requiring a higher samples per feature ratio for reliable convergence.
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Figure 2: Stability metrics for the multiple canonical pair setting as a function of samples per feature. The
columns correspond to the first, second, and third canonical components, and the rows show statistical power,
estimated association strength, weight error, score error, and loading error for two population correlation
vectors, (0.55,0.50,0.45) and (0.25,0.20,0.15), with p = ¢ = 8. As samples per feature increase, power
rises and the error metrics decrease for all three components, with faster convergence for larger canonical
correlations and earlier components.



4.2 Effect of Varying Total Number of Features

In this section, we evaluate the stability of CCA across varying correlation strengths, feature dimensions, and
sample sizes. These plots illustrate the effect of these parameters on the reliability of the canonical estimates

and establish the thresholds required for accurate recovery in both the unicanonical and multicanonical case.

Single Canonical Pair For the univariate setting, we set the feature dimensions of both datasets to
be equal and vary them incrementally: p = ¢ € {4,8,16,32}. We also vary the correlation strengths:
Terue € {0.1,0.3,0.7}. For each condition, we generated 10 population models and simulated 100 datasets
per model. We then calculated the stability metrics: power, relative association error, weight error, score

error and loading error. We show the results in Figure

In this univariate setting, the results indicate that across various feature dimensionality and correlation
settings, samples per feature remain a primary factor of CCA stability. Consistent with our conclusions
from Figure 1, we observe that stability is highly dependent on the true population correlation. We further
observe that feature dimensions have a minor effect on stability compared to correlation in the univariate
setting, as the line types within each colour group remain closely clustered. In terms of statistical power,
larger feature dimensions generally yield higher power than smaller dimensions, except in settings with
low correlation and limited samples per feature. In contrast, for relative association error, higher feature
dimensions consistently produce larger errors than lower dimensional ones. For weight, score, and loading
errors, however, no single combination of feature dimensionality and sample ratio consistently dominates,
as the trajectories for different p = ¢ values frequently intersect. Notably, weight, score, and loading errors

follow a remarkably similar decay pattern.

The following provides a proposal as to why these patterns in relative association and power occur. Larger
feature dimensions result in higher relative association error because, in high dimensional spaces, there
are many more ways for the model to overfit the data. This overfitting introduces an upward bias in the
estimated correlation 7, producing greater relative error compared to lower dimensional models at the same
sample density. By a similar mechanism, larger feature dimensions increase power, as more features provide

additional opportunities to detect correlation.

Comparing the univariate setting to the figure provided by Helmer et al. (2024), we observe that while both
studies yield similar overall results, our approach demonstrates a more uniform scaling behavior across weight,
score, and loading error. In contrast, the weight error in the Helmer et al. analysis exhibits a distinct and

more variable decay compared to score and loading error, suggesting that our generative framework produces

11
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Figure 3: Stability performance in the single canonical pair setting under varying feature dimensions. The
left panel shows results for balanced dimensions with p = ¢ € {4,8,16,32}, while the right panel shows
results for asymmetric dimensions with p + ¢ = 64 and p € {4,8,16,32}, across riue € {0.1,0.3,0.7}.
Across both panels, larger samples per feature improve power and reduce relative association, weight, score,
and loading errors, with stronger correlations converging faster and greater asymmetry generally leading to
poorer stability.
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covariance structures that are less prone to inducing variability in weight estimates than those generated by

Helmer et al.

Several patterns observed in this figure warrant further investigation. These include the similarity in the
behavior of weight, score, and loading errors, the apparent minor influence of feature dimensions on univariate
canonical stability, and whether the higher power observed for lower feature dimensions at low sample ratios

and weak correlations reflects a genuine effect or a coincidental trend.

Multiple Canonical Pair For the multivariate case (k = 3), we investigated three population correlation
triplets, riue € {(0.25,0.20,0.15), (0.55,0.50,0.45), (0.80,0.75,0.70)}. For each triplet, we generated 15
population models and sampled 100 independent datasets per model across varying feature dimensions
(p = q € {4,8,16,32}). For each dataset, we computed the primary stability metrics and plotted their

resulting averages in Figure

In the multivariate canonical setting, stability follows a clear hierarchy: as component order increases or
correlation strength decreases, the curves shift rightward, suggesting that reliably estimating later canonical
pairs requires a substantially higher samples per feature ratio. Consistent with the univariate setting, weight,
score, and loading errors maintain a consistent pattern to one another. However, in the multivariate case,
varying p and g produces a much greater spread across these metrics, suggesting that feature dimensionality
plays a significantly larger role in determining stability in multiple canonical pairs than in single canonical
pair analysis. Furthermore, for high correlation (r¢,. = (0.80,0.75,0.70)), the diversity in power across
varied feature dimensions is most pronounced in the first component and progressively decreases with each
subsequent component. Finally, the relative association error reveals a complex transition across components,
while larger feature dimensions surprisingly yield a lower relative error for the first canonical pair, this
trend reverses in the second and third components. This reversal is most extreme in the third component,
where lower feature dimensions achieve substantially smaller relative association errors compared to larger

dimensions.

In the following, we propose why the patterns in this figure occur. The increased impact of feature dimen-
sionality in multicanonical analysis is likely due to the requirement that each successive canonical pair be
estimated conditionally on the previous pairs and satisfy orthogonality constraints. As feature dimension-
ality increases, the space of possible linear combinations grows, introducing more degrees of freedom in the
weight estimates. While this can allow better alignment with the true canonical directions, it also increases
the variability of the estimates, particularly for later components where errors from earlier components can

propagate. Consequently, feature dimensionality has a more pronounced effect on stability when multiple

13
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Figure 4: Stability performance in the multiple canonical pair setting under varying balanced feature di-
mensions. The columns correspond to the first, second, and third canonical components, and the rows
show power, relative association error, weight error, score error, and loading error for population correlation
vectors (0.25,0.20,0.15), (0.55,0.50,0.45), and (0.80,0.75,0.70) with p = q € {4,8,16,32}. Across all com-
ponents, larger samples per feature improve power and reduce error, while stronger correlations and earlier
components converge more quickly; increasing feature dimension generally requires more samples for stable
recovery.
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canonical pairs are analyzed compared to the univariate case.

Regarding statistical power, we observe a feature advantage that is unique to high signal regimes. We hy-
pothesize that when correlation is strong, larger feature dimensions improve the efficiency of signal detection;
this effect diminishes as correlation decreases or component order increases. Finally, the observation that
relative association error is lower for higher feature dimensions in the first component remains an area for

further investigation, as it contradicts the typical overfitting patterns observed in other settings.

4.3 Effect of Feature Asymmetry

In this section, we further evaluate the stability of CCA across varying correlation strengths and feature
dimensions. Specifically, the following plots illustrate how stability is influenced by asymmetry in the feature

dimensions.

Single Canonical Pair In the univariate setting, we evaluate the correlation strengths, ryye € {0.1,0.3,0.7}.
We fix the total number of feature dimensions, p + ¢ = 64, and vary one of the feature dimensions,
p € {4,8,16,32}. Under each condition, 10 population models were generated and 100 datasets were sim-
ulated per model. Stability metrics were then computed for each dataset. Results are reported only for

models satisfying the criteria, n > max(p, ¢) and presented in Figure

For the univariate setting, asymmetry emerges as a key determinant of stability. Within a single colour
group, varying levels of asymmetry results in clear differences in metric performance, with higher asymmetry
consistently resulting in poorer outcomes and requiring a higher sample to feature ratio to achieve comparable
errors. This figure also reinforces previously observed patterns, including the correlation effect and the

consistent trends in weight, score, and loading errors.

In comparing our results to the figure from Helmer et al.(2024), we observe that asymmetry between feature
dimensions has a significantly more pronounced impact on stability in our work compared to that of Helmer’s
analysis. While their curves remain relatively tightly grouped within each correlation level, our results show
a much larger fanning out effect, where increased asymmetry causes substantial performance degradation.
This disparity highlights that dimensionality imbalance is a more critical factor in stability than previously

suggested by their model.

Multiple Canonical Pair For the multivariate case, we evaluated the population correlation triplets,
rirue € {(0.25,0.20,0.15), (0.55, 0.50,0.45), (0.80,0.75,0.70) }, and varied the feature dimensions of one dataset,

p € {4,8,16,32}, subject to the constraint that p+¢ = 64. Under each parameter combination, we generated

15



15 population models and sampled 100 independent datasets per model. For each dataset, we computed the
primary stability metrics and plotted their resulting averages. Results are shown only for models satisfying

the criteria, n > max(p, ¢) and presented in Figure

In this multivariate setting, we observe the same asymmetry pattern identified in the univariate case, where
asymmetrical feature dimensions consistently lead to higher error rates and diminished stability across all
metrics. This confirms that the penalty for dimensionality imbalance remains a robust factor regardless of
the number of components being estimated. Additionally, a successive rightward shift across components is

evident in all plots, illustrating the hierarchical pattern observed in earlier figures.

4.4 Weight Error, Stability, and PC1 Similarity

Single Canonical Pair For the univariate CCA setting, a one-dimensional population CCA model was
first generated with p = ¢ = 100, ryye = 0.3, and ax = ay = 1. For Figure sample covariance
matrices were then generated at each samples-per-feature level from the corresponding Wishart distribution,
partitioned into Sxx, Syy, and Sxy, and used to compute the one-dimensional sample CCA solution.
The plotted curves show the difference between the estimated sample X-weight and the population X-
weight across principal components for three representative sample-size regimes. For Figure the same
univariate setup was used to evaluate weight stability across repeated samples: for each sample size, sample
covariance matrices were repeatedly drawn, the sample CCA weights were recomputed, and stability was
summarized by the average pairwise cosine similarity across estimated weights. This follows the design of
the paper, except that Wishart draws were used in place of direct sampling from the multivariate normal
distribution. For Figure the analysis was repeated for 7y = 0.1 and 7qe = 0.5. For each setting,
sample covariance matrices were drawn from the corresponding Wishart distribution at each samples-per-
feature level, partitioned into Sxx, Syy, and Sxy, and used to compute the one-dimensional sample CCA
solution. The estimated sample X-weight was then compared with the first principal component axis of X,
and the resulting PC1 similarity was summarized across repeated runs. In the paper, it reports CCA PC1

similarity across synthetic datasets with varying feature dimensions and r¢ye.

The reproduced results match the main pattern reported in the paper. In Figure the estimated weight
is highly variable when the sample size is small, but the discrepancy from the population weight becomes
much smaller as samples per feature increase. In Figure weight stability is close to zero at small sample
sizes and increases steadily toward one as more observations are available. This is consistent with the paper’s
conclusion that, in univariate CCA, weight estimates are unstable at low sample-to-feature ratios but become

increasingly accurate and stable with larger sample sizes. In Figure PC1 similarity for CCA remains
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Figure 5: Stability performance in the multiple canonical pair setting under asymmetric feature dimensions.
The columns correspond to the first, second, and third canonical components, and the rows show power,
relative association error, weight error, score error, and loading error for population correlation vectors
(0.25,0.20,0.15), (0.55,0.50,0.45), and (0.80,0.75,0.70) with p + ¢ = 64 and p € {4,8,16,32}. Across all
components, larger samples per feature improve power and reduce error, while stronger correlations and
earlier components converge more quickly; increasing asymmetry in the feature dimensions generally leads
to poorer stability and requires more samples for accurate recovery.
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((a)) Weight error in the single canon-
ical pair setting with p = ¢ = 100,
rerue = 0.3, and power-law decay
parameters ax = ay = 1. The
curves show the componentwise dif-
ference between the estimated sam-
ple X-weight and the true population
X-weight under 4, 64, and 1024 sam-
ples per feature. As samples per fea-
ture increase, the estimated weight
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(data - random)
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((b)) Weight stability in the single
canonical pair setting with p = ¢ =
100, rirue = 0.3, and ax = ay = 1.
Stability is measured by the average
cosine similarity across repeated esti-
mated X-weights as samples per fea-
ture increase. The stability rises from
near zero to near one, indicating that
the estimated weights become more
reproducible with larger sample sizes.

%0 200
Samples per feature

((c)) Weight PC1 similarity for uni-
variate CCA with p = ¢ = 100,
ax = ay = 1, and ryue € {0.1,0.5}.
The plotted quantity compares the
estimated sample X-weight with the
first principal component axis across
samples per feature. In both cases,
the similarity remains low, indicating
weak alignment of CCA weights with
PCl1.

becomes much closer to the popula-
tion weight.

Figure 6: Reproduction of univariate CCA results for weight error, weight stability, and weight PC1 similarity.
The three panels summarize how the estimated X-weight behaves as sample size increases in the single
canonical pair setting. Together, they show that larger samples per feature improve accuracy and stability,
while PC1 similarity remains weak.

low across the sample-size range, indicating that the estimated CCA weights do not show a strong systematic
bias toward the first principal component axis. This matches the paper’s conclusion that CCA shows weak

PC1 alignment.

Multiple Canonical Pair Weight Error For the multivariate CCA setting, a three-dimensional pop-
ulation CCA model was first generated with p = ¢ = 100, ax = «ay = 1, and population correlations
(0.7,0.5,0.3) for the first, second, and third canonical directions. At each samples-per-feature level, a sam-
ple covariance matrix was then drawn from the corresponding Wishart distribution and partitioned into
Sxx, Syy, and Sxy. A three-dimensional sample CCA solution was computed from this sample covariance
matrix, and the estimated X-weights were compared with the corresponding population X-weights mode
by mode. Thus, three separate panels are shown, corresponding to the first, second, and third canonical
weight vectors, where each curve plots the componentwise difference between the estimated sample weight

and the true population weight under 4, 64, and 1024 samples per feature. This follows the same logic as

the weight error figure in the paper, except that Wishart draws were used instead of direct sampling from
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the multivariate normal model.
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((a)) Weight error for the first canoni-
cal direction in the multiple canonical
pair setting with p = ¢ = 100, 7¢rue =
(0.7,0.5,0.3), and ax = ay = 1. The
curves show the componentwise dif-
ference between the estimated sample
X-weight and the true first popula-
tion X-weight under 4, 64, and 1024
samples per feature. As samples per
feature increase, the estimated weight
becomes much closer to the popula-
tion weight.
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((b)) Weight error for the second
canonical direction in the multiple
canonical pair setting with p = ¢ =
100, rtrue = (0.7,0.5,0.3), and ax =
ay = 1. The curves show the compo-
nentwise difference between the esti-
mated sample X-weight and the true
second population X-weight under 4,
64, and 1024 samples per feature.
The discrepancy decreases as samples
per feature increase, although conver-
gence is slower than for the first direc-
tion.
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((c)) Weight error for the third canon-
ical direction in the multiple canoni-
cal pair setting with p = ¢ = 100,
rerue = (0.7,0.5,0.3), and ax = ay =
1. The curves show the component-
wise difference between the estimated
sample X-weight and the true third
population X-weight under 4, 64, and
1024 samples per feature. The er-
ror decreases with larger samples per
feature, but this weakest component
remains the noisiest at intermediate
sample sizes.

Figure 7: Weight error for the first three canonical directions in the multiple canonical pair setting. The
panels compare estimated and population X-weights for components 1, 2, and 3 when the population corre-
lations are (0.7,0.5,0.3). Together, they show that larger samples per feature improve recovery for all three
components, with faster convergence for stronger canonical correlations.

The same qualitative pattern as in the univariate case is observed in all three panels. When the sample size
is small, the estimated weights are highly variable and can deviate substantially from the population weights.
As the samples-per-feature ratio increases, these discrepancies shrink and the estimated weights become much
closer to their population targets. The improvement is visible for all three canonical directions, although
the lower-correlation modes remain somewhat noisier at intermediate sample sizes than the strongest mode.
Overall, these plots agree with the paper’s main finding that CCA weight estimates are unstable at low
sample-to-feature ratios but become much more accurate once the sample size is sufficiently large, with

stronger population associations converging faster than weaker ones.

Multiple Canonical Pair Weight Stability For the multivariate CCA setting, a three-dimensional
population CCA model was first generated with p = ¢ = 100, ax = ay = 1, and population correlations
(0.7,0.5,0.3) for the first, second, and third canonical directions. For each samples-per-feature level, sample

covariance matrices were drawn from the corresponding Wishart distribution and partitioned into Sxx,
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Syvy, and Sxy. A three-dimensional sample CCA solution was then computed from each sampled covariance
matrix. Weight stability was evaluated separately for each canonical direction: for a fixed mode and sample
size, the estimated X-weights from repeated runs were compared pairwise using cosine similarity, and these
pairwise similarities were averaged to obtain the stability value. Thus, three separate panels are shown,
corresponding to the first, second, and third canonical weight vectors. This follows the same idea as the
weight stability figure in the paper, except that Wishart draws were used instead of direct sampling from

the multivariate normal model.

Weight stability
Weight stability
Weight stability

Samples per feature

((a)) Weight stability for the first
canonical direction in the multiple
canonical pair setting with p = ¢ =
100, rtrue = (0.7,0.5,0.3), and ax =
ay = 1. Stability is measured by
the average cosine similarity across
repeated estimates of the first sam-
ple X-weight. The stability is already
high at small sample sizes and ap-
proaches one rapidly as samples per
feature increase.

Samples per feature

((b)) Weight stability for the sec-
ond canonical direction in the multi-
ple canonical pair setting with p =
g = 100, ryue = (0.7,0.5,0.3), and
ax = ay = 1. Stability is measured
by the average cosine similarity across
repeated estimates of the second sam-
ple X-weight. The stability increases
steadily with samples per feature and
converges slightly more slowly than
for the first direction.

Samples per feature

((c)) Weight stability for the third
canonical direction in the multiple
canonical pair setting with p = ¢ =
100, r¢rue = (0.7,0.5,0.3), and ax =
ay = 1. Stability is measured by
the average cosine similarity across
repeated estimates of the third sam-
ple X-weight. This weakest compo-
nent has the slowest convergence, but
its stability still approaches one as
samples per feature become large.

Figure 8: Weight stability for the first three canonical directions in the multiple canonical pair setting.
The panels show how reproducibility of the estimated X-weights changes with samples per feature when
the population correlations are (0.7,0.5,0.3). Together, they show that stability improves for all three
components with larger sample size, with faster convergence for stronger canonical correlations.

The three panels show the same overall pattern as in the univariate case, but with different rates of conver-
gence across modes. In all three cases, weight stability increases with samples per feature and approaches
one as the sample size becomes large. The first canonical direction, which has the strongest population cor-
relation, stabilizes the fastest and remains highly stable across the whole range. The second direction also
converges strongly, but slightly more gradually. The third direction, associated with the weakest population
correlation, shows the slowest rise and remains the least stable at intermediate sample sizes, although it
still approaches near-perfect stability when the sample size is sufficiently large. These results agree with the

paper’s main conclusion for CCA that weight stability is low when the sample size is small and increases
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toward one with more observations, with stronger between-set associations becoming stable more quickly

than weaker ones.

Multiple Canonical Pair Weight PC1 Similarity For the multivariate CCA setting, two three-
dimensional population CCA models were generated with p = ¢ = 100 and ax = ay = 1. The first used a
lower-correlation configuration, r,e = (0.3,0.2,0.1), and the second used a higher-correlation configuration,
rtrue = (0.7,0.6,0.5). For each samples-per-feature level, a sample covariance matrix was drawn from the
corresponding Wishart distribution, partitioned into Sxx, Syy, and Sxy, and used to compute the three-
dimensional sample CCA solution. For each of the three canonical directions, the estimated sample X -weight
was compared with the first principal component axis of X, and the corresponding random-vector baseline
was subtracted. These relative PC1 similarities were then summarized across repeated runs, producing three

curves in each plot, one for each canonical direction.
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((a)) Relative weight PC1 similarity in the lower-
correlation multivariate CCA setting with p = ¢ = 100,
ax = ay = 1, and rgue = (0.3,0.2,0.1). The three
curves correspond to the first, second, and third canon-
ical directions, and the plotted quantity compares the
estimated sample X-weights with the first principal com-
ponent axis after subtracting a random-vector baseline.
The similarity remains small across samples per fea-
ture, indicating weak alignment with PC1 in the lower-
correlation setting.

((b)) Relative weight PC1 similarity in the higher-
correlation multivariate CCA setting with p = ¢ = 100,
ax = ay = 1, and rgwe = (0.7,0.6,0.5). The three
curves correspond to the first, second, and third canon-
ical directions, and the plotted quantity compares the
estimated sample X-weights with the first principal com-
ponent axis after subtracting a random-vector baseline.
The similarity again remains small across samples per
feature, indicating weak alignment with PC1 even when
the population correlations are larger.

Figure 9: Weight PC1 similarity for multivariate CCA under lower- and higher-correlation settings. The two
panels compare relative PC1 similarity when e = (0.3,0.2,0.1) and when ¢ = (0.7,0.6,0.5). Together,
they show that the estimated multivariate CCA weights remain only weakly aligned with the first principal
component axis across the full sample-size range.
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Both panels below show that the relative PC1 similarity remains small throughout the sample-size range,
indicating that the estimated CCA weights do not display a strong systematic tendency to align with the
first principal component axis. In the lower-correlation setting, the three curves are slightly more negative
and show somewhat more variation at smaller sample sizes. In the higher-correlation setting, the curves
are slightly closer to zero and more stable, but the overall pattern remains the same. Thus, even when the
population correlations are increased, the multivariate CCA weights still do not show the strong PC1 bias
highlighted in the paper. This agrees with the paper’s weight PC1 similarity figure, where PC1 similarity is

reported to be weak for CCA.

4.5 Observed Correlation

For the univariate version, one-dimensional population CCA models were generated with p = ¢ = 100 and
ax = ay = 1. The analysis was repeated over a grid of true between-set correlations, and for each value
and each samples-per-feature level, sample covariance matrices were drawn from the corresponding Wishart
distribution and partitioned into Sxx, Syy, and Sxy. A one-dimensional sample CCA solution was then
computed, and the observed canonical correlation was recorded. Repeating this many times for each setting
gave the mean observed correlation and its uncertainty band as a function of samples per feature. This
reproduces the synthetic prediction part underlying Figure 6(a), but not the literature dots or Figure 6(b),

since those require the external database of published CCA studies used in the paper’s meta-analysis.

For the multivariate version, the same procedure was applied to a higher-dimensional CCA model. A mul-
tivariate population CCA was first generated, sample covariance matrices were then drawn from the corre-
sponding Wishart distribution at each samples-per-feature level, and a sample CCA solution was recomputed
from each draw. The resulting observed canonical correlations were summarized in the same way as in the
univariate case. In practice, the multivariate plot shows essentially the same pattern as the univariate one,

so the two panels are very similar.

Both panels show the same qualitative pattern as the smooth curves in the paper’s observed correlation
figure. When the samples-per-feature ratio is small, the observed correlation is strongly inflated relative
to the true value; as the sample size increases, the observed correlation decreases toward its population
target. Stronger true correlations remain higher across the whole range, while weaker or null correlations
fall more substantially as the number of samples per feature grows. This agrees with the paper’s conclusion
that many reported CCAs are compatible with a wide range of true correlations and that the number of
samples per feature is a strong determinant of the observed correlation. The fact that the univariate and

multivariate reproductions look nearly identical here suggests that, for this figure, the dominant behavior is
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driven mainly by the sample-size-to-dimension ratio rather than by whether the model is one-dimensional or
three-dimensional. Since the literature dots and Figure 6(b) depend on the paper’s external meta-analysis

dataset and matching procedure, they are not included in the present reproduction.
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((a)) Observed correlation in the single canonical pair ((b)) Observed correlation in the multiple canonical pair

setting with p = ¢ = 100, ax = ay = 1, and 74 ue €
{0,0.1,0.3,0.5}. The curves show the mean observed
canonical correlation as a function of samples per fea-
ture, with shaded bands indicating variability across re-
peated simulations. When samples per feature are small,
the observed correlations are strongly inflated relative to

setting under the same range of ryyue values. The curves
again show mean observed canonical correlation versus
samples per feature, with shaded bands indicating vari-
ability across repeated simulations. The same inflation-
at-small-sample pattern appears here, and the overall
trend is very similar to the single canonical pair case.

their population values, and they decrease toward the
true values as sample size increases.

Figure 10: Observed correlation as a function of samples per feature in the Figure 6 reproduction analysis.
The two panels compare the single canonical pair and multiple canonical pair settings for the same range of
rirue values. Together, they show that observed correlations are overestimated when samples per feature are
small and move toward their population targets as sample size increases.

5 Code

The code supporting the analyses presented in this study is openly available in the following GitHub
repository: https://github.com/phamali/Stability-Analysis-of-CCA.gitl The repository contains all
scripts used for data generation and stability assessment procedures. It also includes documentation to

facilitate replication of the results and further extension of the methods presented in this work.
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